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About this book 



From evolving networks to cognitive system theory 

This textbook covers a wide range of concepts, notions and phenomena of a truly 
interdisciplinary subject of rapidly growing importance. Complex system theory 
deals with dynamical systems containing a very large number of variables, show- 
ing a plethora of emergent features, arising in a broad range of contexts. A central 
focus of these notes is the notion of complexity arising within evolving and dy- 
namical network structures, such as the gene expression networks at the basis of 
all living, adaptive ecological networks or neural networks for cognitive informa- 
tion processing. 

Complex system theory ultimately forms the basis of our long-standing quest 
of exploring and understanding cognitive systems in general and our brain in par- 
ticular - the mammalian brain is probably the most complex of all adaptive net- 
works known to humanity. 

Readership and preconditions 

This primer is conceived for graduate students or scientists from natural sciences, 
engineering or neuroscience. Technically, the reader should have basic knowledge 
of ordinary and partial differential equations and of probability distributions. This 
textbook is suitable both for studies in conjunction with teaching courses as well 
as for the individual readership. 

Course material and modular approach 

When used for teaching, this primer is suitable for a course running over 40-60 
lecture hours, depending on the pace and on the number of chapters covered. Es- 
sentially all mathematical transformations are performed on a step-by- step basis 
and the reader should have in general no problem following the respective deriva- 
tions. 

Individual chapters, apart from the first two chapters, having introductory 
character, may be skipped whenever time considerations demand it. I have fol- 
lowed a basic modular approach and the individual chapters are, as far as possi- 
ble, independent from each other. Notwithstanding, cross references between the 
different chapters are included throughout the text, since interrelations between 
distinct topics are helpful for a thorough understanding. 

vii 



viii About this book 

Style 

This interdisciplinary primer sets a high value in conveying concepts and no- 
tions within their respective mathematical settings. Believing that a concise style 
helps the reader to go through the material I abstained mostly from long text 
passages with general background explanations or philosophical considerations. 
Widespread use has been made of paragraph headings, with the intend to facilitate 
scientific reading in this way. 

A primer to scientific common-sense knowledge 

To a certain extend one can regard this textbook as a primer to a wide range of sci- 
entific common-sense knowledge regarding complex systems. Basic knowledge 
about life's organizational principles, to give an example, such as the notion of 
'life at the edge of chaos', is important in today's world for an educated scien- 
tist. Other areas of scientific common- sense knowledge discussed in this primer 
include network theory, which has applications ranging from social networks to 
gene expression networks, the fundamentals of evolution, cognitive system theory 
and the basic principles of dynamical system theory. 

Content 

Any of the chapters making-up this book deals with a subject worth devoting an 
entire course to it. This book addresses the interdisciplinary interested reader- 
ship; I have consequently tried to present succinct expositions of the fundamental 
notions and concepts at the basis of the subjects treated in the individual chapters. 

1. "Graph Theory and Small-World Networks " 

Networks, ranging from neural networks, social networks, ecological net- 
works to gene expression networks, are at the basis of many complex sys- 
tems. Networks tend to be adaptive and evolving. Network theory is there- 
fore a prerequisite for a thorough understanding of adaptive and/or complex 
systems. 

2. "Chaos, Bifurcations and Diffusion" 

This chapter introduces basic notions of dynamical system theory, such as 
attractors, bifurcations, deterministic chaos, diffusion and stochastic reso- 
nances, many of which used throughout these notes. Complexity emergent 
from dynamical systems containing many variables, the central theme of 
this textbook, is ultimately based on the concepts of classical dynamical 
system theory, treated in this chapter, which deals with differential equa- 
tions involving a handful of variables. 

3. "Random Boolean Networks " 

A prime model for complex systems with an infinite number of variables 
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are random graphs with boolean variables. It allows for the characteriza- 
tion of typical dynamical behaviors, e.g. 'frozen' vs. 'chaotic', which are 
of relevance in many contexts. Of especial importance are random boolean 
networks for the fundamentals in the realm of life, leading to the notion of 
'life at the edge of chaos' . 

4. "Cellular automata and self organized criticality " 

Regular dynamical systems on lattices, the cellular automata, allow detailed 
studies of the dynamics of complex systems, a key issue being the organi- 
zational principle necessary for a dynamical system to show the emergent 
phenomenon of 'self-organized criticality'. 

5. "Statistical modeling of Darwinian evolution " 

Evolution of living organisms is, without speaking, the paradigm for an 
adaptive and complex dynamical system, that of interacting species. Key 
concepts such as the 'error catastrophe' and 'hypercycles' for the prebiotic 
evolution are discussed within the standard statistical approach. 

6. "Synchronization Phenomena " 

When many distinct computational units interact, a typical situation in com- 
plex systems, they might evolve synchronous, in phase, or rather indepen- 
dently. Synchronization is an issue of wide ranging importance, from the 
outbreak of epidemics to the definition of objects in cortical circuits. 

7. "Elements of Cognitive System Theory " 

The most complex of any known dynamical system, and probably also the 
least understood of all, is the brain. It constitutes the biological support for 
the human cognitive system, supposedly the most evolved cognitive system 
known to date. Basic principles and important concepts of cognitive system 
theory are developed in this chapter. 

The basic material and mathematical notions for the course are developed in the 
first two chapters. The scientific investigations of complex systems just stand at 
their beginning and the subjects chosen in chapters 3-7 are of exemplary impor- 
tance for this rapidly developing field. 

Exercises and suggestions for individual studies 

Towards the end of each individual chapter a selection of exercises is presented. 
Some of them deal with simple extentions of the material, such as a proof of 
a specific formula or the application of a method discussed in the main text to a 
different or related problem. Other exercises are of the form of small work studies, 
such as the numerical implementation via a C-i-i- or Maple code of a basic model. 
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with the objective to obtain a hands-on experience of an interesting phenomenon 
from the investigation of the results obtained from the simulation runs. 

This interdisciplinary field is very suitable for making an inroad with a ba- 
sic research project. The suggestions for work studies presented in the respective 
exercise sections therefore serve also as guides and motivations for a first step 
towards scientific research in this field, which in the end could possibly lead to 
research goals developed by the individual reader. It is a highly satisfying experi- 
ence, to be truly recommended. 

References and literature 

The section 'Further Readings ' at the end of each individual chapter contains ref- 
erences towards standard introductory textbooks and review articles, and towards 
some articles for further in-depth studies dealing with selected issues treated 
within the respective chapter. Certain original research literature containing some 
of the first investigations of phenomena discussed in the respective chapter, is also 
selectively listed, whenever of scientific or of historical interest. 

Complexity and our future 

The human society constitutes an adaptive network with 'intelligent vertices', 
us as individuals. On a larger scale, intricate interrelations between industrial 
companies, political parties and pressure groups, non-governmental organizations 
(NGOs) of the civil society and many other constituent components defy any en- 
compassing analysis. The complex dynamical system denoted human society will 
remain beyond our predictive capacities for many years to come|^ 

Complexity theory represents nevertheless a fundamental tool for long-term 
modeling and scenario building. A good understanding of possible emergent 
behaviors, of chaotic v.s. regular evolution processes and of stability analysis is 
clearly very helpful when trying to study and model the long-term consequences 
of human actions today. The theory of complex and adaptive dynamical systems 
is a basic tool for genuine futurology. 

The future of life and of our civilization 

On a personal note the author believes, in this context, that the long-term per- 
spective is of central importance as a guideline for global human actions today, in 
view of our capability to change the very face of earth. We are living at a point 
in history where we, the constituents of human society, are not capable to directly 
control the global and dynamical developments of this very society, an example 
of what one denotes an emergent behavior - the sum is more than its parts. 

We are nevertheless the central actors within human society and the long- 
term developments and trends are determined by the underlying principles, by the 



' It is unlikely, that we will ever develop an understanding of our own society deep enough, to 
say on the level of the 'psychohistory' of Isaac Asimov's Foundation trilogy, that we may truly 
predict long-term global developments. 
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long-term guidelines to our actions and planning. A stronger focus on long-term 
perspectives and developments, for all the positive outlook it may provide, for the 
perils to our civilization and to life on earth it might reveal, is of central impor- 
tance, in the view of the author, at this point in history. The reader thinking along 
similar lines is invited to visit the organization 'Future 25' q which is dedicated 
to the 'Future of Live and Humanity on Earth, the Planets and in the Universe'. 

Thanks 

I would like to thank Tejaswini Dalvi, Florian Dommert, Bemhard Edegger, 
Chistoph Herold and Gregor Kaczor for many helps, preparation of figures and 
reading, Urs Bergmann, Christoph Bruder, Dante Cialvo, Florian Greil, Maripola 
Koloktosa, Ludger Santen and DeLiang Wang for comments and carefuU reading 
of the manuscript, Barbara Drossel and H.G. Schuster for interesting comments 
and Roser Valenti for continouing support. 



^ http : //www. f uture25 . org . 
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Chapter 1 

Graph Theory and Small- World 
Networks 

Preface 

A very wide class of complex and adaptive systems are dynamical networks. Ex- 
amples range from ecological prey -predator networks to the gene expression- and 
protein networks constituting the basis of all living as we know it. The brain is 
probably the most complex of all adaptive dynamical systems and at the basis 
of our own identity, in the form of a sophisticated neural network. On a social 
level we interact through social networks, to give a further example - networks are 
ubiquitous through the domain of all living. 

A good understanding of network theory is therefore of basic importance for 
complex system theory. We will discuss in this chapter the most important con- 
cepts of graplj^ theory, and basic realizations of possible network organizations. 

1.1 Random graphs 
1.1.1 The small world effect 

Six or more billion humans live on earth today and it might seem that the world is 
a big place. But, as an Italian proverb says, 

"Tutto il mondo e paese" - "The world is a village". 

The network of who knows whom - the network of acquaintances - is indeed quite 
densely webbed. Modern scientific investigations mirror this century-old proverb. 

'Mathematicians generally prefer the term 'graph' instead of 'network' 
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Figure 1.1: Left: Illustration of the network structure of the world-wide web and 
of the Internet (from Albert & Barabasi, 2002). 

Right: Construction of a graph (bottom) from an underlying bipartite graph (top). 
The filled circles may correspond to movies and the open circles to actors casting 
in the respective movies (from Newman, Strogatz & Watts, 2001). 



Social networks 

Stanley Milgram performed a by now famous experiment in the 1960s. He dis- 
tributed a number of letters addressed to a stockbroker in Boston to a random 
selection of people in Nebraska. The task was to send these letters to the ad- 
dressee (the stockbroker) by sending it via mail to an acquaintance of the respec- 
tive sender. In other words, the letters were to be sent via a social network. 

The initial recipients of the letters clearly did not know the Boston stockbroker 
on a first-name basis. Their best strategy was to send their letter to someone 
whom they felt was closer to the stockbroker, socially or geographically: perhaps 
someone they knew in the financial industry, or a friend in Massachusetts. 

Six degrees of separation 

About 20% of Milgram's letters did eventually reach their destination. Milgram 
found that it had only taken an average of six steps for a letter to get from Nebraska 
to Boston. This result is by now dubbed 'six degrees of separation' and it is 
possible to connect any two persons living on earth via the social network by a 
similar number of steps. 

The small world effect 

The 'small world effect' denotes the result that the average distance 
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linking two nodes belonging to the same network can be orders of 
magnitude smaller than the number of nodes making-up the network. 

The small world effect occurs in all kind of networks. Milgram originally exam- 
ined the networks of friends. Other examples for social nets are the network of 
film actors or that of baseball players, see Fig. |1.1[ Two actors are linked by an 
edge in this network whenever they co-stared at least once in the same movie. For 
the case of baseball players the linkage is given by the condition to have played at 
least once in the same team. 

Networks are everywhere 

Social networks are but just one important example of a communication network. 
Most human communication takes place directly among individuals. The spread 
of news, rumors, jokes and of diseases all take place by contact between individ- 
uals. And we are all aware that rumors and epidemic infections can spread very 
fast in densely webbed social networks. 

Communication networks are ubiquitous. Well known examples are the Inter- 
net and the world-wide net, see Fig. |1.1[ Inside a cell the many constituent proteins 



form an interacting network, as illustrated in Fig. 1.2 The same is of course true 
for artificial neural networks as well as for the networks of neurons building-up 
the brain. It is therefore important to understand the statistical properties of the 
most important network classes. 

1.1.2 Basic graph-theoretical concepts 

The simplest type of network is the random graph. It is characterized by only two 
numbers: By the number of vertices A^ and by the average degree z, also called 
coordination number. 

Coordination number 

The coordination number z is the average number of links per ver- 
tices, i.e. there are a total of Nz/2 connections in the network. 

Alternatively we can define the probability p to find a given link. 

Connection probability 

The probability that a given edge occurs is called the connection 
probability p. 

Erdos-Renyi random graphs 

We can construct a specific type of random graph simply by taking A^ nodes, also 
called vertices and by drawing Nz/2 lines, the edges, between randomly chosen 
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Figure 1.2: A protein interaction network, showing a complex interplay between 
highly connected hubs and communities of subgraphs with increased densities 
of edges (from Palla et al. , 2005). 



pairs of nodes, compare Fig. 1.3 This type of random graph is called an 'Erdos- 



Renyi random graph' after two mathematicians who studied this type of graphs 



extensively. In section 1.2 we will then introduce and study other types of random 
graphs. 

Most of the following discussion will be valid for all types of random graphs, 
we will explicitly state whenever we specialize to Erdos-Renyi graphs. 

Thermodynamic limit 

In random graphs the relation between z and p is given simply by 



Nz 



2 N{N-l) N-\ 



(1.1) 
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Figure 1.3: Illustration of random graphs with N = 12 vertices and different 
connection probabilities p = 0.0758 (left) and p = 0.3788 (right). The three 
mutually connected vertices (0,1,7) contribute to the clustering coefficient and 
the fully interconnected set of sites (0,4,10,1 1) is a clique in the network on the 
right. 

The limit where the number of elements making-up a system diverges 
to infinity is called in physics the 'thermodynamic limit'. A quantity 
is "extensive " if it is proportional to the number of constituting ele- 
ments, and "intensive " if it scales to a constant in the thermodynamic 
limit. 

We note, that p = p{N) —*_0 in the thermodynamic limit N ^ °° for intensive 
z ~ 0{N^), compare Eq. ( [lT] ). 

Network diameter and the small world effect 

As a first parameter characterizing a network we discuss the diameter of a net- 
work. 



Network diameter 

The network diameter is the maximum degree of separation between 
all pairs of vertices. 

For a random network with A^ vertices and coordination number z we have 

z^ ^ N, D oc logA^/logz, (1.2) 
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since any node has z neighbors, z^ next neighbors and so on. The logarithmic 
increase in the number of degrees of separation with the size of the network is 
characteristic of small world networks. logA^ increases very slowly with A^ and 
the number of degrees remains therefore small even for very large systems. 

Average distance 

The average distance i is the average of the minimal path-length 
between all pairs of nodes of a network. 

The average distance i is generally closely related to the diameter D; it has the 
same scaling with the number of nodes A''. 

The hyperlink network 

Every web page contains links to other web pages, thus forming a network of 
hyperlinks. In 1999 there were about A'^ ~ 0.8 x 10^ documents on the Web, but 
the average distance between documents was only about 19. The WWW grows 
rapidly, in 2007 estimates for the total number of web pages resulted in A^ ~ 
(20 — 30) X 10^, with the size of the Internet backbone, viz the number of Internet 
servers, being about ~ 0.1 x 10^. 

Clustering in networks 

Real networks have strong local recurrent connections, compare e.g. the protein 



network illustrated in Fig. 1.2 leading to distinct topological elements, such as 
loops and clusters. 

Clustering coefficient 

The clustering coefficient C is the average fraction of pairs of neigh- 
bors of a node which are also neighbors of each other. 

The clustering coefficient is a normalized measure of loops of length three. In a 
fully connected network, in which everyone knows everyone else, C — I. 

In a random graph a typical site has z{z — l)/2 pairs of neighbors. The proba- 
bility of an edge to be present between a given pair of neighbors is p = z/{N —I), 
see Eq. ( |1.1[ ). The clustering coefficient, which is just the probability of a pair of 
neighbors to be interconnected, is therefore also just 

z z 

Crand = J^j--^ ~ ^ • (1-3) 

It is very small for large random networks and scales to zero in the thermodynamic 
limit. In Table [TTT] the respective clustering coefficients for some real- world net- 
works and for the corresponding random networks are listed for comparision. 

Cliques and communities 

The clustering coefficient measures the normalized number of triples of fully inter- 
connected vertices. In general, any fully connected subgraph is denoted a 'clique' . 
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Cliques 

A clique is a set of vertices for which (a) every node of the same 
clique is connected by an edge to every other member of the clique 
and (b) no node outside the clique is connected to all members of the 
clique. 

The term 'clique' comes from social networks. A clique is a group of friends 
where everybody knows everybody else. The number of cliques of size K in an 
Erdos-Renyi graph with A'^ vertices and linking probability p is 



K 



MK-l)/2 



i^-p') 



N-K 



The only cliques occurring in random graphs in the thermodynamic limit have the 
size two, since p = z/N. For some illustration see Fig. 1.4 



Another term used is "community" . It is mathematically not as strictly defined 
as 'clique', it denotes roughly a collection of strongly overlapping cliques, viz of 
subgraphs with above-the-average densities of edges. 

Clustering for real-world networks 

Most real-world networks have a substantial clustering coefficient which is much 
greater than 0{N^^). It is immediately evident from an inspection, for exam- 



ple of the protein network presented in Fig. 1.2 that the underlying 'community 
structure' gives rise to a high clustering coefficient. 

In Table |1.1[ we give some values of C, together with the average distance £, 
for three different networks: 

- the network of collaborations between movie actors 

- the neural network of the worm C. Elegans, and 

- the Western Power Grid of the United States. 

Also given in Table |1.1| are the values Qand the clustering coefficient would 
have for random graphs of the same size and coordination number. Note, that the 



Table 1.1: The number of nodes N, average degree of separation i, and clustering 
coefficient C, for three real-world networks. The last column is the value which 
C would take in a random graph with the same size and coordination number, 
Qand = z/N (from Watts & Strogatz, 1998). 



Network 


A^ 
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C 


^rand 


movie actors 
neural network 
power grid 


225226 

282 

4941 


3.65 
2.65 
18.7 


0.79 
0.28 
0.08 


0.00027 

0.05 
0.0005 
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Figure 1.4: Left: Highlighted are three 3-site cliques. Right: A percolating 
network of 3-site cliques (from Derenyi, Palla & Vicsek, 2005). 

real-world value is systematically higher than that of random graphs. Clustering 
is important for real- world graphs. These are small world graphs, as indicated by 
the small values for the average distances i given in Table |l.l[ 

Erdos-Renyi random graphs obviously do not match well the properties of 



real-world networks. In section 1.4 we will discuss generalizations of random 
graphs which approximate the properties of real- world graphs much better. Before 
that, we will discuss some general properties of random graphs in more detail. 

Bipartite networks 

Many real- world graphs have an underlying bipartite structure, see Fig. |1.1[ 

Bipartite graphs 

A bipartite graph has two kind of vertices with links only between 

vertices of unlike kinds. 

Examples are networks of managers, where one kind of vertex is a company and 
the other kind of vertices the managers belonging to the board of directors. When 
eliminating one kind of vertices, in this case it is custom to eliminate the compa- 
nies, one retains a social network, the network of directors, as illustrated in Fig. 
|1.1[ This network has a high clustering coefficient, as all boards of directors are 
mapped onto cliques of the respective social network. 

1.1.3 Properties of random graphs 

So far we did consider averaged quantities of random graphs, like the average 
coordination number or degree z. 

Degree of a vertex 

The degree k of the vertex is the number of edges linking to this node. 
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The distribution of the degree characterizes general random and non-random 
graphs. 

The degree distribution 

IfXjc is the number of vertices having the degree k, then pk = Xj^/N is 

called the degree distribution, where A^^ is the total number of nodes. 

The degree distribution for Erdos-Renyi graphs 

The probabiUty of any node to have k edges is 

^~ M ^kn „\N-l-k 



Pk= \^\ l/(l-pf-^-% (1.4) 

for an Erdos-Renyi network, where p is the link connection probability. For large 
N ^ kwe can approximate the degree distribution pk by 

P,^e-'"^^J^ = e-'-t,, (1.5) 

where z is the average coordination number, compare Eq. ( |1.1[ ). We have used 

,. / x\N _^ fN-l\ {N-iy. (iV-1)^ 

hm 1 = e ^ ' > — -^ ' 



iv^ooV NJ ' V '^ / k\{N-l-k)\ k\ 

and (A'^— l^p^^ = z^, see Eq. ( |l.l| ). Eq. (1.5) is a Poisson distribution with the 



mean 

k=o '^- k=i^'^ ^^ 

as expected. 

Ensemble fluctuations 

Two specific realizations of random graphs differ, only their average properties 
coincide. One denotes with 'ensemble' the set of possible realizations. 

In an ensemble of random graphs with fixed p and A^ the degree distribution 
Xk/N will be slightly different from one realization to the next. On the average it 
will be given by 

^{Xk)=Pk- (1.6) 

Here < ... > denotes the ensemble average. One can go one step further and 
calculate the probability P{Xk = R) that in a realization of a random graph the 
number of vertices with degree k equals R. It is given in the large-A'^ limit by 

P{Xk = R) = e-^^ ^, h = {Xk) . (1.7) 
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Note the similarity to Eq. (1.5) and that the mean Xt = {X^) is in general extensive 



<^ oo 



while the mean z of the degree distribution ( 1.5 1 is intensive. 

Scale free graphs 

Scale free graphs are defined by a power-law degree distribution 

Pk - ^^ «> 1 • (1-8) 

Typically, for real-world graphs, this scaling ~ k^^ holds only for large degrees k. 
For theoretical studies we will mostly assume, for simplicity, that the functional 
dependence (1.8) holds for all ^s. The powerlaw distribution can be normalized if 

lim V p;t ~ lim / Pk °^ lim K 
i.e. when a > 1. The average degree is finite if 

K 

lim y kpk oc lim i^-«+2 < oo a > 2 . 

k=0 

A power law functional relation is called scale free, since any rescaling k -^ ak 
can be reabsorbed into the normalization constant. 

Scale-free functional dependencies are also called "critical", since they occur 
generally at the critical point of a phase transition. We will come back to this issue 
recurrently during this course. 

Graph spectra 

Any graph G with A^ nodes can be represented by a matrix encoding the topology 
of the network, the adjacency matrix. 

Adjacency matrix 

The N X N adjacency matrix A has elements Ajj = 1 if nodes i and j 
are connected and Aij = if they are not connected. 

The adjacency matrix is symmetric. We can therefore consider the set of its eigen- 
values. 

Spectrum of a graph 

The spectrum of a graph G is given by the set of eigenvalues X, of the 

adjacency matrix A. 

A graph with N nodes has A^^ eigenvalues A,, and it is useful to define the corre- 
sponding 'spectral density' 

P(^) = ^I5(^-M, ldXp{X) = l, (1.9) 
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where 5(?i) is the Kronecker delta-function. 

Green's functioii| ^ 

The spectral density p{X) can be evaluated once the Green's function G(X), 



Gil) = ^Tr 



l-A 



J •' 



is known. Here Tr[..] denotes the trace over the matrix {X — A) ^ = {X\ —A) ^, 
where 1 is the identity-matrix. Using the formula 

lim T — 7 = P- — 7 inhCk-Xj) , 

where P denotes the principal parjj, we find the relation 

pm = — lim/mG(X + /£). (1.11) 

71 £^0 



The semi-circle law 

The graph spectra can be evaluated for random matrices for the case of small link 
densities p = z/N, where z is the average connectivity. Starting from a random 
site we can connect on the average to z neighboring sites and from there on to 
z — 1 next-nearest neighboring sites, and so on: 



?.- 



z-1 
A,-... 



where we have approximated z — 1 ^ z in the last step. Eq. ( 1 . 1 2 1 is also called the 
'self-retracting-path-approximation' and can be derived by evoking a mapping 
to the Green's function of a particle moving along the vertices of the graph. It 
constitutes a self-consistency equation for G = G{X), with the solution 

n X 1 

G^--G+- = 0, G = 

z z 




since lim^^oo G{X) = 0. The spectral density ( 1.11[ ) then takes the form 



PW = ^^/P-' ;[^:<:; (1.13) 



^If you have no prior experience with Green's functions you may just skip the following deriva- 
tion and pass directly to the result, namely to Eq. (|1.13|). 

'^Taking the principal part signifies that one has to consider carefully the positive and the neg- 
ative contributions to the 1/A- divergences. 
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of a half-ellipse also known as 'Wigner's law', or the 'semi-circle law'. 

Loops and clustering coefficient 

The total number of triangles, viz the overall number of loops of length three in a 
network is C{N/3){z — l)z/2, where C is the clustering coefficient. This number 
is related to the adjacency matrix via 

C— — - — = number of triangles = 7 I^ A/ujA^j/jAjj/i , 

since three sites /i, (2 and ij are interconnected only when the respective entries of 
the adjacency matrix are unity. The sum of the right-hand side of above relation 
is also denoted a 'moment' of the graph spectrum. The factors 1/3 and 1/6 on the 
left-hand and on the right-hand side account for overcountings. 

Moments of the spectral density 

The graph spectrum is directly related to certain topological features of a graph 
via its moments. The /th moment of p(X) is given by 

dlX'piX) = ^ti^jY (1-14) 

^^ 7=1 



1 

-Tr 

N 



1 ^ 

'1, '2, ■•■,'/ 



as one can see from Eq. (1.9). The /th moment of p{X) is therefore equivalent to 
the number of closed paths of length Z, the number of all paths of length / returning 
to the origin. 

1.2 Generalized random graphs 

1.2.1 Graphs with arbitrary degree distributions 

In order to generate random graphs that have non-Poisson degree distributions we 
may choose a specific set of degrees. 

Degree sequence 

A degree sequence is a specified set {kj} of the degrees for the ver- 
tices i = I . . .N. 

Construction of networks with arbitrary degree distribution 

The degree sequence can be chosen in such a way that the fraction of vertices 
having degree k will tend to the desired degree distribution 

Pk, N -^00 
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Step A 




StepB 



Figure 1.5: Construction procedure of a random network with 9 vertices and 
degrees Xi = 2, X2 = 3, X3 = 2, X4 = 2. In step A the vertices with the desired 
number of "stubs" (degrees) are constructed. In step B the stubs are connected 
randomly. 



in the thermodynamic limit. The network can then be constructed in the following 
way: 

1 . Assign ki "stubs" (ends of edges emerging from a vertex) to every vertex 
/=1,...,A^. 

2. Choose iteratively pairs of stubs at random and join them together to make 
complete edges. 

When all stubs have been used up, the resulting graph is a random member of 



the ensemble of graphs with the desired degree sequence. Fig. 1.5 illustrates the 
construction procedure. 

Average degree and clustering 

The mean number of neighbors is the coordination number 



(k) 



Y,kpk- 

k 



The probability that one of the second neighbors of a given vertex is also a first 
neighbor, scales as A^^^ for random graphs, regardless of the degree distribution, 
and hence can be ignored in the limit N ^ 00, 

Degree distribution of neighbors 

Consider a given vertex A and a vertex B which is a neighbor of A, i.e. A and B 
are linked by an edge. 

We are now interested in the degree distribution for vertex B, viz- in the degree 
distribution of a neighbor vertex of A, where A is an arbitrary vertex of the random 
network with degree distribution p^. As a first step we consider the average degree 
of a neighbor node. 
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A high degree vertex has more edges connected to it. There is then a higher 
chance that any given edge on the graph will be connected to it, with this chance 
being directly proportional to the degree of the vertex. Thus the probability dis- 
tribution of the degree of the vertex to which an edge leads is proportional to kpk 
and not just to p^. 

Distribution of the outgoing edges of a neighbor vertex 

When we are interested in determining the size of loops or the size of connected 
components in a random graph, we are normally interested not in the complete 
degree of the vertex reached by following an edge from A, but in the number of 
edges emerging from such a vertex which do not lead back to A, because the latter 
contains all information about the number of second neighbors of A. 

The number of new edges emerging from B is just the degree of 5 minus one 
and its correctly normalized distribution is therefore 

kpk {k+l)pk+i 

qk-\ = ^ . , qk = ^ . , (1-15) 

since kpk is the degree distribution of a neighbor. The average number of outgoing 
edges of a neighbor vertex is then 






Number of next nearest neighbors 

We denote with 

Zm, Zl = {k) 



LT^ok{k+l)pk+i _ Y^^i{k-l)kpk 

(1.16) 



l^jJPj ^jJPj 

(k^) - (k) 



the average number of m-nearest neighbors. Eq. (1.16) gives the average number 
of vertices two steps away from the starting vertex A via a particular neighbor 
vertex. Multiplying this by the mean degree of A, namely zi = z, we find that the 
mean number of second neighbors Z2 of a vertex is 

Z2 = {k^)-{k). (1.17) 



Z2 for the Erdos-Renyi graph 

The degree distribution of an Erdos-Renyi graph is the Poisson distribution, pk 
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e ^z^/k\, see Eq. (1.5). We obtain for the average degree of a neighbor vertex, 
Eq.dTTT]), 



Z2 



^ k^e ^^ — z = ze ^ 



k=0 

2 



k\ 



K^-i + i) 



-,k-\ 



k=\ 



{k-l)\ 



- Z 



The mean number of second neighbors of a vertex in an Erdos-Renyi random 
graph is just the square of the mean number of first neighbors. This is a special 



case however. For most degree distributions, Eq. (1.17) will be dominated by the 
term (J<^), so the number of second neighbors is roughly the mean square degree, 
rather than the square of the mean. For broad distributions these two quantities 
can be very different. 

Number of far-away neighbors 

The average number of edges emerging from a second neighbor, and not leading 



back to where we arrived from, is also given by 1.16 and indeed this is true at any 
distance m away from vertex A. The average number of neighbors at a distance m 
is then 



{k) 



' Zm—l 



£2 
Zl 



" Zm—l 



(1.18) 



where zi = z = {k) and Z2 are given by Eq. ( 1.17 ). Iterating this relation we find 



Z2 
Zl 



-\ m— 1 



Zl 



(1.19) 



Giant connected cluster 

Depending on whether Z2 is greater than zi or not, expression (1.19) will either 
diverge or converge exponentially as m becomes large: 



hm Zn 



oo if Z2 > Zl 

if Z2 < Zl 



(1.20) 



Zl = Z2 is the percolation point. In the second case the total number of neighbors 

m— 1 



m—l - 



Z2 
Zl 



Zl 



z\ 



1 -22/21 ZI-Z2 



is finite even in the thermodynamic limit, in the first case it is infinite. The network 
decays, for N -^ °°, into non-connected components when the total number of 
neighbors is finite. 
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Giant connected component 

When the largest cluster of a graph encompasses a finite fraction 
of all vertices, in the thermodynamic limit, it is said to form a giant 
connected component (GCC). 

If the total number of neighbors is infinite, then there must be a giant connected 
component. When the total number of neighbors is finite, there can be no GCC. 

Percolation threshold 

When a system has two or more possible, macroscopically different states, one 
speaks of a phase transition. 

Percolation transition 

When the structure of an evolving graph goes from a state in which 
two (far away) sites are on the average connected/not connected one 
speaks of a percolation transition. 

This phas e transition occurs precisely at the point where Z2 = zi- Making use of 
Eq. ( 1.17 1, Z2 = {k^) — (k), we find that this condition is equivalent to 



{k^)-2{k) = 0, £fc(fc-2)p;t = 0. (1.21) 

A:=0 

We note that, because of the factor k{k — 2), vertices of degree zero and degree 
two do not contribute to the sum. The number of vertices with degree zero or 
two affects therefore neither the phase transition nor the existence of the giant 
component. 

• Vertices of degree zero 

Vertices of degree zero are not connected to any other node, they do not 
contribute to the network topology. 

• Vertices of degree two 

Vertices of degree two act as intermediator between two other nodes. Re- 
moving vertices of degree two does not change the topological structure of 
a graph. 

One can therefore remove (or add) vertices of degree two or zero without affecting 
the existence of the giant component. 

Clique percolation 

Edges correspond to cliques with Z = 2 sites, see Page [7} The percolation transi- 
tion can then also be interpreted as a percolation of 2-site cliques. It is then clear, 
that the concept of percolation can be generalized to that of percolation of cliques 



with Z sites, see Fig. 1.4 for an illustration 



1 .2 Generalized random graphs 



17 



Average vertex- vertex distance 

Below the percolation threshold the average vertex-vertex distance i is finite and 
the graph decomposes into an infinite number of disconnected subclusters. 

Disconnected subcluster 

A disconnected subcluster or subgraph constitutes a subset of vertices 
for which (a) there is at least one path in between all pairs of nodes 
making-up the subcluster and (b) there is no path between a member 
of the subcluster and any out-of-subcluster vertex. 

Well above the percolation transition, i is given approximately by the condition 



log{N/zi) = (£-l)log(z2Ai), 



log(A^Ai) 

l0g(z2Al) 



+ 1 



(1.22) 



using Eq. ( |1.19 ). For the special case of the Erdos-Renyi random g raph , for which 
zi = z and zi = z^ this expression reduces to the standard formula ( 1 .2 1, 



^ log A^- log z ^ logA^ 

logz logz 



Clustering coefficient of generalized graphs 

The clustering coefficient C denotes the probability that two neighbors i and j of 
a particular vertex A have stubs which do interconnect. The probability that two 
given stubs are connected is l/{zN — 1) ^ 1/zA^, since zN is the total number of 
stubs. We then have, compare Eq. ( |1.16 ), 



C 



ikkj) _ {k){kj) 



Nz 



Nz 



1 



(k) 



-i2 



1 

A^ 

z 
N 



Y,klk 

k 



(k^) - (k) 



{k? 



(1.23) 



since the distributions of two neighbors i and j are statistically independent. 

The clustering coefficient vanishes in the thermodynamic limit N ^ o<^, as 
expected. But it may have a very big leading coefficient, especially for degree 
distributions with fat tails. The differences listed in Table [TTT| between the mea- 
sured clustering coefficient C and the value Grand = z/N for Erdos-Renyi graphs, 
are partely due to the fat tails in the degree distributions pk of the corresponding 
networks. 
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1.2.2 Probability generating function formalism 

Network theory is about the statistical properties of graphs. A very powerful 
method from probability theory is the generating function formalism, which we 
will discuss now and apply later on. 

Probability generating functions 

We define by 

oo 

Goix) = £ p,/ (1.24) 

k=o 

the generating function Go{x) for the probability distribution p^. The generating 
function Go{x) contains all information present in p^. We can recover pk from 
Go{x) simply by differentiation: 



1 d'^Go 



(1.25) 

x=0 



One says, that the function Go 'generates' the probability distribution p^.. 
Generating function for degree distribution of neighbors 



We can also define a generating function for the distribution q^, Eq. (1.15), of 
other edges leaving the vertex we reach by following an edge in the graph: 

G,{x) = t^kx' = ^r^o(^+l)P^+i^' = LUkPkx'-' 

^ ^, (1.26) 

z 

where Gq{x) denotes the first derivative of Go{x) with respect to its argument. 

Properties of generating functions 

Probability generating functions have a couple of important properties: 

1. Normalization 

The distribution p^ is normalized and hence 

Go(i) = £;?^ = 1 • (1-27) 

k 

2. Mean 

A simple differentiation 

G[)(l) = Y^kpk = {k) . (1.28) 

k 

yields the average degree {k) . 
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3. Moments 

The nth moment (k") of the distribution p^ is given by 



{k") = £rp. 



(1.29) 



The generating function for independent random variables 

Let us assume, that we have two random variables. As an example we consider 
two dices. Throwing the two dices are two independent random events. The joint 
probability to obtain ^ = 1 , . . . , 6 with the first dice and / = 1 , . . . , 6 with the second 
dice is PkPi- This probability function is generated by 

k,i \k J \ I J 

i.e. by the product of the individual generating functions. This is the reason why 
generating functions are so useful in describing combinations of independent ran- 
dom events. 

As an application consider n randomly chosen vertices. The sum Y^ih of the 
respective degrees has a cumulative degree distribution which is generated by 



Go{x) 



The generating function of the Poisson distribution 

As an example we consider the Poisson distribution, Eq. ( |1.5| ). Using Eq. ( |1.24 ) 
we obtain 



Go{x) 



k=0 



z k 

— x" = e 



Z{X-1) 



(1.30) 



This is the generating function for the Poisson distribution. The generating func- 



tion Gi (x) for the outgoing edges of a neighbor is, see Eq. ( 1 .26 ), 



Gi{x) 



G'Jx) 



— e 



(1.31) 



Thus, for the case of the Poisson distribution we have, as expected, G\{x) = Gq {x) . 

Further examples for generating functions 

As a second example, consider a graph with an exponential degree distribution: 

Pk = {\-e-'/^)e-'/\ l^pk= ^^-^ = 1 , (1.32) 



20 



Graph Theory and Small-World Networks 



+ 




Figure 1.6: Graphical representation of the self-consistency Eq. 1.37 for the gen- 



eration function Hi (x) , represented by the box. A single vertex is represented by 
a circle. The subcluster connected to an incoming vertex can be either a single 
vertex or an arbitrary number of subclusters of the same type connected to the 
first vertex (from Newman et al, 2001). 



where k is a constant. The generating function for this distribution is 



and 



G[,(i: 



Go(x) = (l-e 



,-l/K 



-IM 



e-^/V 



1 



-l/K 



l_e-l/K' 



k=0 



GAx) 



l_;Cg-l/K ' 



G'oix) 



1 



,-l/Kn2 



l_;te-l/K 



(1.33) 



(1.34) 



As a third example, consider a graph in which all vertices have degree 0, 1,2, 
or 3 with probabilities po ■ ■ -Ps- Then the generating functions take the form of 
simple polynomials 



Goix) 
Giix) 



P3X^+P2X^+PlX + po, 

2 , , 3p3X^ + 2p2X + pi 

q2X +qix + qo = ^^ — 

3p3+2p2+Pl 



(1.35) 
(1.36) 



1.2.3 Distribution of component sizes 

Absence of closed loops 

We consider here a network below the percolation transition and are interested 
in the distribution of the sizes of the individual subclusters. The calculations will 
depend crucially on the fact that the generalized random graphs considered here 
do not have significant clustering nor any closed loops. 

Closed loops 



A set of edges linking vertices 

h -^ h ■■■ in 
is called a closed loop of length n. 



n 
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In physics jargon, all finite components are tree-like. The number of closed loops 
of length 3 corresponds to the clustering coefficient C, viz to the probability that 
two of your friends are also friends of each other. For random networks C = 



[{k^) - {k)Y/{z^N), see Eq. (1.23 1, tends to zero as A^ 



Generating function for the size distribution of components 



We define by 

(1 

'■m 
m 



'r 



Hi{x) = £/ii 

m 

the generating function that generates the distribution of cluster sizes which con- 



tain a given vertex j which is linked to a specific incoming edge, see Fig. 1 .6 That 
is, hm' is the probability that the such-defined cluster contains m nodes. 

Self-consistency condition for Hi (x) 

We note 

1. The first vertex j belongs to the subcluster with probability 1, its generating 
function is x. 

2. The probability that the vertex j has k outgoing stubs is q^. 

3. At every stub outgoing from vertex j there is a subcluster. 

4. The total number of vertices consists of those generated by Hi (x) plus the 
starting vertex. 

The number of out going edges k from vertex j is described by the distribution 
function ^yt' seeEq. (1.15). The total size of the fc clusters is generated by [Hi{x)]^, 



as a consequence of the multiplication property of generating functions discussed 
in section |1.2.2[ The self-consistency equation for the total number of vertices 



reachable is then 

oo 



Hi{x) = X £ qk[Hi{x)f = xGi{Hi{x)) , (1.37) 

^=0 



where we have made use of Eq. ( 1 .26 ) 



Embedding-cluster distribution function 

The quantity we actually want to know is the distribution of the sizes of the 
clusters to which the entry vertex belongs. We note 

1. The number of edges emanating from a randomly chosen vertex is dis- 
tributed according to the degree distribution p^, 

2. Every edge leads to a cluster whose size is generated by Hi (x). 
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The size of a complete component is thus generated by 

(1.38) 
where the pref actor x corresponds to the generating function of the starting vertex. 



Ho{x) = xY,Pk[Hiix)f = xGq{H,{x)) 

k=Q 



The complete distribution of component sizes is given by solving Eq. ( 1 .37 1 self 



consistently for Hi (x) and then substituting the result into Eq. ( 1 .38 1. 

Mean component size 

The calculation of Hi{x) and Hq{x) in closed form is not possible. We are how- 
ever interested only in the first moment, viz the mean component size, see Eq. 



(1.28). 



The component size distribution is generated by Ho{x), Eq. (1.38 1, and hence 
the mean component size below the percolation transition is 



(s) = H;^il)=[GoiHi{x))+xG'QiHi{x))H[{x) 
= l + G'o{l)H[{l), 
where we have made use of normalization 

Go(l) = //i(l) = Ho{l) = 1 



x=l 



(1.39) 



of generating functions, see Eq. ( 1 .27 ). The value of H[{1) can be calculated from 
Eq. ( |1.37| ) by differentiating: 

H[{x) = GiiHi{x))+xG\iHiix))H[{x), (1.40) 

Substituting this into (|1.39|) we find 



(s) 



1 + 



We note that 



Go(l) 
G'i(l) 



i-g;(i)- 



Zl: 



Y,kPk 

k 

Lkk{k-l)pk _ {k^)-{k) ^ Z2 

Zl 



(1.41) 



(1.42) 



Lkkpk {k) 

where we have made use of Eq. ( 1.17| ). Substituting into (1.41 1 then gives the 
average component size below the transition as 



(^) 



1 + - 



Z\-Z2 



(1.43) 



1.3 Robustness of random networks 23 

This expression has a divergence at zi = zi- The mean component size diverges 
at the percolation threshold, compare section [L2l and the giant connected compo- 



nent forms. 



1.3 Robustness of random networks 

Fat tails in the degree distributions pk of real-world networks (only slowly de- 
caying with large k) increase the robustness of the network. That is, the network 
retains functionality even when a certain number of vertices or edges is removed. 
The Internet remains functional, to give an example, even when a substantial num- 
ber of Internet routers have failed. 

Removal of vertices 

We consider a graph model in which each vertex is either "active" or "inactive". 
Inactive vertices are nodes that have either been removed, or are present but non- 
functional. We denote with 

b{k) = bk 

the probability that a vertex is active. The probability can be, in general, a function 
of the degree k. The generating function 

oo 

^oW = £ Pkbkx\ Foil) = Y.Pkh < 1 , (1.44) 

k=0 k 

generates the probabilities that a vertex has degree k and is present. The normal- 
ization i^o(l) is equal to the fraction of all vertices that are present. 

Distribution of connected clusters 



By analogy with Eq. ( 1 .26 1 we define with 



FiW = ^^'^^^^"''' = 5M (1.45) 

Lk kpk z 

the (non-normalized) generating function for the degree distribution of neighbor 
sites. The distribution of the sizes of connected clusters reachable from a given 
vertex, Ho{x), or from a given edge, Hi{x), is generated respectively by the nor- 
malized functions 

Ho{x) = l-Fo{l)+xFoiHi{x)), Ho{l) = \, 

Hi{x) = l-Fi{l)+xFi{Hi{x)), //i(l) = l, (1.46) 



which are logical equivalents of Eqs. (1.37) and (1.38). 
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Random failure of vertices 

At first we consider the case of random failure of vertices. In this case, the proba- 
bility 

bk = b <\, Fo{x) = b Go{x) , Fi{x)=bGi{x) 

of a vertex being present is independent of the degree k and just equal to a con- 
stant b, which means that 

HQ{x) = \-b + bxGo{Hi{x)), Hi{x) = \-b + bxGi(Hi{x)), (1.47) 

where Go{x) and Gi{x) are the standard generating functions for the degree of a 
vertex and of a neighboring vertex, Eqs. ( |1.24 ) and (1.26). This implies that the 
mean size of a cluster of connected and present vertices is 



(^) 



Ho( 



l)=b + bG'o{l)H[{l) = b + 



l-bG\{l) 



1 + 



l-bG\{l) 



where we have followed the derivation presented in Eq. (1.40) in order to obtain 
//J(l) = Z7/(l -Z?G;(1)). With Eqs. ([rg for G()(l) = zi = z and G'i(l) 
we obtain the generalization 



zi/zi 



2,2 



{s) = b + 



bh{ 



zi — bz2 



(1.48) 



of ( 1 .43 ). The model has a phase transition at the critical value of b 



Z]_ 

Zl 



1 



G'l(l) ■ 



(1.49) 



If the fraction b of the vertices present in the network is smaller than the critical 
fraction b^ then there will be no giant component. This is the point at which the 
network ceases to be functional in terms of connectivity. When there is no giant 
component, connecting paths exist only within small isolated groups of vertices, 
but no long-range connectivity exists. For a communication network such as the 
Internet, this would be fatal. 

For networks with fat tails we expect however that the number of next-nearest 
neighbors zi is large compared to the number of nearest neighbors z\ and that 
be is consequently small: The network is robust as one would need to take out a 
substantial fraction of the nodes before it would fail. 

Random failure of vertices in scale-free graphs 

We consider a pure power-law degree distribution 



Pk 



1 



dk 



< °o, 



a> 1 
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see Eq. (1.8) and also section 1 .5 The first two moments are 



zi ={k) ~ fdk{k/k''), {k^) ~ jdkik^/k''). 

Noting that the number of next-nearest neighbors zi = {k^) — {k), Eq. ( |l.l7[ ), we 
can identify three regimes: 

• 1 < a < 2 : zi —>■ °°, Z2 ^ °° 

be = zxjzi is arbitrary in the thermodynamic limit N ^ °°. 

• 2 < a< 3 : zi < °°, Z2 ^ °° 

be = zi/z2 ^ in the thermodynamic limit. Any number of vertices can be 
randomly removed with the network remaining above the percolation limit. 
The network is extremely robust. 

• 3 < a : Zi <°°, Z2 <°° 

be = Zi/z2 can acquire any value and the network has normal robustness. 

Biased failure of vertices 

What happens when one sabotages the most important sites of a network? This is 
equivalent in removing vertices in decreasing order of their degrees, starting with 
the highest degree vertices. The probability that a given node is active takes then 
the form 

bk = Q{kmn^-k), (1.50) 

where B{x) is the Heaviside step function 

, . / forx<0 



This corresponds to setting the upper limit of the sum in Eq. ( 1 .44 1 to /:, 



Differentiating Eq. ( |1.46| ) with respect to x yields 



H[{1) =Fi(//i(l))+F/(//i(l))//l(l), H[{\) 



1-F/(1) 
as //i(l) = 1. The phase transition occurs when i^/(l) = 1, 

LT=iKk~'^)Pkbk ^ LttKk-i)Pk ^ 

Loo / T-lOO 7 ' 

k^ll^Pk Lk^l^pk 



(1.52) 



where we used the definition Eq. ( 1.45 1 for Fi (x). 
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Figure 1.7: Shown is the critical fraction fc of vertices, Eq. (1.55 1. Removing 
a fraction greater than fc of highest degree vertices from a scale-free network, 
with a power-law degree distribution p^ ~ k^", drives the network below the 
percolation limit. For a smaller loss of highest degree vertices (shaded area) the 
giant connected component remains intact (from Newman, 2002). 



Biased failure of vertices for scale-free networks 

Scale free networks have a power-law degree distribution, pk °^ k^^. We can then 



rewrite Eq. (1.52) as 



H, 



(a-2) 



H, 



(a-l) 



//(«- 



(1.53) 



where H„ is the nth harmonic number of order r. 



H„ 



n 1 

T - 

1—1 l-r 



(1.54) 



k=\ 



Thenumber of vertices present is Fo(l), see Eq. (1.44), or Fo(l)/£fc/>yt5 since the 
degree distribution p^ is normalized. If we remove a certain fraction fc of the 



vertices we reach the transition determined by Eq. ( 1 .53 ): 



fc 



^o(l) 



n 



(a) 



H. 



;cx) 



(1.55) 



It is impossible to determine kc from ( 1.53| ) and (1.55) to get fc in closed form. 
One can however solve Eq. ( 1 .53 ) numerically for kc and substitute it into ( 1 .55 ). 
The results are shown in Fig. 1.7[ as a function of exponent a. The network is 
very susceptible with respect to a biased removal of highest-degree vertices. 
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Figure 1.8: Regular linear graphs with connectivities z = 2 (top) and z = 4 (bot- 
tom). 



A removal of more than about 3% of the highest degree vertices leads al- 
ways to a destruction of the giant connected component. Maximal robust- 
ness is achieved for a ~ 2.2, which is actually close to the exponents mea- 
sured in some real- world networks. 



Networks with a < 2 have no finite mean, J^^ k/k^ 
little sense physically. 



■ oo, and therefore make 



Networks with a > ttc = 3.4788... have no giant connected component. The 
critical exponent ttc is given by the percolation condition K 



(a-2) 



2//c 



(a-l) 



see Eq. (1.21 1. 



1.4 Small-world models 



Random graphs and random graphs with arbitrary degree distribution show no 
clustering in the thermodynamic limit, in contrast to real- world networks. It is 
therefore important to find methods to generate graphs which have a finite clus- 
tering coefficient and, at the same time, the small world property. 

Clustering in lattice models 

Lattice models and random graphs are two extreme cases of network models. In 
Fig. |1.8| we illustrate simple one-dimensional lattice with connectivity z = 2,4. 
We consider periodic boundary conditions, viz the chain wraps around on itself in 
a ring. We then can calculate the clustering coefficient C exactly. 

• One-dimensional lattice 

The number of clusters can be easily counted. One finds 



C 



Hz -2) 
4(z-l) 



(1.56) 



which tends to 3/4 in the limit of large z. 
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(b) 
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Figure 1.9: Small- world networks in which the crossover from a regular lattice 
to a random network is realized, (a) The original Watts-Strogatz model with the 
rewiring of links, (b) The network with the addition of shortcuts (from Doro- 
govtsev & Mendes, 2002). 



Lattices with dimension d 

Square or cubic lattices have dimension d ■ 

coefficient for general dimension d is 



2,3 respectively. The clustering 



C 



3{z-2d) 



(1.57) 



A{z-d) ' 

which generalizes Eq. ( 1.56[ ). We note that the clustering coefficient tends 
to 3/4 for z^2d for regular hyper-cubic lattices in all dimensions. 

Distances in lattice models 

Regular lattices do not show the small world effect. A regular hyper-cubic lattice 
in d dimensions with linear size L has A^ = L"^ vertices. The average vertex- vertex 
distance increases as L, or equivalently as 



The Watts and Strogatz model 

Watts and Strogatz have proposed a small world model which interpolates smoothly 
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Figure 1. 10: The clustering coefficient C{p) and the average path length L{p), as 
a function of the rewiring probability, for the Watts and Strogatz model, compare 



Fig. 1.9 (from Watts & Strogatz, 1998). 



in between a regular lattice and an Erdos-Renyi random graph. The construction 
starts with an one-dimensional lattice, see Fig. |1.9| ^a). One goes through all links 
of the lattice and rewires the link with some probability p. 

Rewiring probability 

We move one end of every link with the probability p to a new posi- 
tion chosen at random from the rest of the lattice. 

For small p this process produces a graph which is still mostly regular but has 
a few connections which stretch long distances across the lattice as illustrated in 



Fig. 1.9 ^a). The average coordination number of the lattice is by construction 
still the intial degree z. The number of neighbors of any particular vertex can be 
however greater or smaller than z. 

The Newman and Watts model 

A variation of the Watts-Strogatz model has been suggested by Newman and 



Watts. Instead of rewiring links between sites as in Fig. 1.9 a), extra links, also 



called 'shortcuts', are added between pairs of sites chosen at random, but no links 



are removed from the underlying lattice, see Fig.[L9[b). This model is somewhat 
easier to analyze than the original Watts and Strogatz model, because it is not 
possible for any region of the graph to become disconnected from the rest, whereas 
this can happen in the original model. 



The small world models illustrated in Fig. 1.9 have an intuitive justification 
for social networks. Most people are friends with their immediate neighbors. 
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Figure 1.11: Illustration of the preferential attachment model for an evolving 
network. At f = the system consists of /mq = 3 isolated vertices. At every 
time step a new vertex is added (shaded circle), which is connected to m = 2 
vertices, preferentially to the vertices with high connectivity, determined by the 



rule (1.58 1. 



Neighbors on the same street, people that they work with or their relatives. But 
some people are also friends with a few far-away persons. Far away in a social 
sense, like people in other countries, people from other walks of life, acquain- 
tances from previous eras of their lives, and so forth. These long-distance ac- 
quaintances are represented by the long-range links in the small world models 
illustrated in Fig. |1.9[ 

Properties of the Watts and Strogatz model 



In Fig. 1.10 the clustering coefficient and the average path length are shown as 
a function of rewiring probability p. The key result is, that there is a parameter 
range, say p ^ 0.01 — 0. 1 , where the network has still a very high clustering coeffi- 
cient and already a small average path length, as observed in real- world networks. 
Similar results hold for the Newman- Watts model. 



1.5 Scale free graphs 

Evolving networks 

Most real world networks are open, i.e. they are formed by the continuous addi- 
tion of new vertices to the system. The number of vertices, A^, increases through- 
out the lifetime of the network, as it is the case for the WWW, which grows expo- 
nentially by the continuous addition of new web pages. The small world networks 



discussed in section 1 .4 are however constructed for a fixed number of nodes A^, 



growth is not considered. 

Preferential connectivity 

Random network models assume that the probability that two vertices are con- 
nected is random and uniform. In contrast, most real networks exhibit the 'rich- 
get-richer' phenomenon. 

Preferential connectivity 

When the probability for a new vertex to connect to any of the existing 
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nodes is not uniform for an open network we speak of preferential 
connectivity. 

A newly created web page, to give an example, will include links to well known 
sites with a quite high probability. Popular web pages will therefore have both a 
high number of incoming links and a high growth rate for incoming links. Growth 
of vertices in terms of edges is therefore in general not uniform. 

The Barabasi- Albert model 

We start with mq unconnected vertices. The preferential- attachment growth pro- 
cess can then be carried out in two steps: 

• Growth 

At every time-step we add a new vertex and m < mo stubs. 

• Preferential attachment 

We connect the m stubs to vertices already present with the probability 

n(^,) = k/Y,kj, (1.58) 

j 

viz we have chosen the attachment probability Il{ki) to be linearly propor- 
tional to the number of links already present. Other functional dependencies 
for n(^,) are of course possible, but not considered here. 

After t time-steps this model leads to a network with N = t + mq vertices and 
mt edges, see Fig. |1.11[ We will now show that the preferential rule leads to a 
scale-free degree distribution 

Pk -- k-^ Y>1, (1.59) 

withy =3. 

Time-dependent connectivities 

The time dependence of the degree of a given vertex can be calculated analytically 
using a mean-field approach. We are interested in vertices with large degrees k. 



the scaling relation Eq. (1.59) is defined asymptotically for the limit ^ — *• oo. We 



may therefore assume k to be continuous: 

Aki{t) = ki{t+l)-ki{t) 



dki 
~dt 



= ^n(fcO =A t , (1.60) 
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where Tl{ki) = h/Y^jkj is the attachment probability. The overall number of new 
links is proportional to a normalization constant A, which is hence determined by 
the sum rule 

where the sum runs over the already existing nodes. At every time step m new 
edges are attached to the existing links. The total number of connectivities is then 
Y^jkj = 2m{t—\). We thus obtain 



dki mki ki ki 

1—*^ 

dt 2m{t-\) 2{t-\) ~ 2t 



(1.61) 



Note, that Eq. ( 1 .60 ) is not well defined for t =\, since there are no exisiting edges 
present in the system. Preferential attachment needs in principle some starting 
connectivities to work. We have therefore set ? — 1 ^ r in Eq. ( 1.61| ), since we are 
only interested in the long-time behaviour. 

Adding times 



Eq. ( 1.61 1 can be easily solved taking into account that every vertex / is charac- 
terized by the time ti = Nt — niQ it was added to the system with m = ki{ti) initial 
links: 



kit) 



m 



0.5 



ti = tm^/kf . 



(1.62) 



Older nodes, i.e. those with smaller ti, increase their connectivity faster than the 



younger vertices, viz those with bigger ti, see Fig. 1.12 For social networks this 
mechanism is dubbed the "rich-gets-richer" phenomenon. 

The number of nodes N{t) =mQ + t is identical to the number of adding times. 



where we have defined the initial mo nodes to have times zero. 
Integrated probabilities 



Using (1.62), the probability that a vertex has a connectivity ki{t) smaller than a 



certain k, P{ki{t) < k), can be written as 

P{ki{t) <k) = P{t, > 



ni^t. 



(1.63) 



The adding times are uniformly distributed, compare Fig. 1.12, and the probability 
P{ti) to find an adding time ti is then 



P{ti) 



1 

niQ + t 



(1.64) 
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Figure 1.12: Left: Time evolution of the connectivities for vertices with adding 

times t = 1,2,3,... and m = 2, following Eq. ( 1.62| ). 

Right: Illustration of the integrated probability, P{k,-{t) < k) = P{ti > ttrp-fk^), 



seeEq. (1.63 1 



just the inverse of the total number of adding times, which coincides with the total 
number of nodes. P{ti > rn^t/k^) is therefore the cumulative numb er of adding 
times ti larger than rn^t/k^, multiplied with the probability P{ti) Eq. (1.64) to add 
a new node: 



P{ti > 



mh , ( m^t\ 1 



k^ 



k^ J niQ + t 



(1.65) 



Scale-free degree distribution 

The degree distribution p^ then follows from Eq. ( |1.65| ) via a simple differentia- 
tion, 



Pk 



dP{ki{t) < k) dP{ti > mh/k^ 



dk 



dk 



2mh 1 
niQ + t k^ 



(1.66) 



in accordance with Eq. ( 1.59| ). The degree distribution Eq. (1.66) has a well de- 
fined limit t ^ °°, approaching a stationary distribution. We note, that y = 3, 
independent of the number m of added links per new site. This result indicates 
that growth and preferential attachment play an important role for the occurrence 
of a power-law scaling in the degree distribution. To verify that both ingredients 
are really necessary, we investigate now a variant of above model. 

Growth with random attachment 

We examine then whether growth alone can result in a scale-free degree distribu- 
tion. We assume random instead of preferential attachment. The growth equation 
for the connectivity ki of a given node z, compare Eqs. ( |1.60 ) and (1.64), then 
takes the form 

^'' " (1.67) 



dt 



mo-f(?-r 
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The m new edges are linked randomly at time t to the {mo + t— 1) nodes present at 
the previous time step. Solving ( 1.67 1 for kj, with the initial condition ki{ti) = m, 
we obtain 



k 



m 



ln(mo + r- 1) - ln(mo + ?,-l) + l 



(1.68) 



a logarithmic increase with time. The probability that vertex / has connectivity 
ki{t) smaller than k is then 



P{ki{t) < k) 



P\ti> (mo + z^-l)exp(l 
t — {niQ + t — l)exp(l — ■ 



m' 



'mo+ 1 



m' 



mo+ 1 



1 



(1.69) 



niQ + t 

where we assumed, that we add the vertices uniformly in time to the system. Using 

dP{ki{t) < k) 



Pk = 



and assuming long times, we find 



1 

Pk ^ —e 
m 



l—k/m 



dk 



e k, 

-exp ^ 

m m 



(1.70) 



We thus find for a growing network with random attachment a characteristic de- 
gree 

k* = m, (1.71) 

identical to half of the average connectivities of the vertices in the system, since 
(k) = 2m. Random attachment does not lead to a scale-free degree distribution. 
Note, that p^ in Eq. (1.70) is not properly normalized, as well as in Eq. ( |1.66 ), 
since we used a large-fc approximation during the respective derivations. 

Internal growth with preferential attachment 

The original preferential attachment model yields a degree distribution pk ~ k^^ 
with Y = 3. Most social networks, such as the WWW and the Wikipedia network, 
have however exponents 2 < y < 3, with the exponent y being relatively close to 
2. It is also observed that new edges are mostly added in between existing nodes, 
albeit with (internal) preferential attachment. 

We can then generalize the preferential attachment model discussed above in 
the following way: 

• Vertex growth 

At every time step a new vertex is added. 

• Link growth 

At every time step m new edges are added. 
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• External preferential attachment 
With probability r G [0, 1] any one of the m new edges is added in between 
the new vertex and an existing vertex /, which is selected with a probability 



n(^,), see Eq. (1.58) 



• Internal preferential attachment 
With probability 1 — r any one of the m new edges is added in between 
two existing vertices / and j, which are selected with a probability oc 

n{ki)nikj). 

The model reduces to the original preferential attachment model in the limit r ^ 1 . 
The scaling exponent y can be evaluated along the lines used above for the case 
r = 1. One finds 

pi^ Y = 1 H r- ■ (1-72) 

Fk ^Y, i ^ l-r/2 ^ ^ 

The exponent y = y{r) interpolates smoothly between two and three, with y( 1 ) =3 
and y(0) = 2. For most real-world graphs r is quite small, most links are added 
internally. Note, that the average connectivity (k) = 2m remains however constant, 
since one new vertex is added for 2m new stubs. 
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Exercises 

Degree distribution 

You can find online network databases in the Internet. Write a program and evaluate 
for a network of your choice the degree distribution pk, the clustering coefficient C 



and compare it with the expresssion (1.231 for a generalized random net with the 
same p^. 

Ensemble fluctuations 

Derive Eq. ( |1.7| ) for the distribution of ensemble fluctuations. In case of difficulities 
you may consult Albert and Barabasi (2002). Alternatively, check Eq. ( |1.7| ) numer- 
ically. 

Self-retracing path approximation 

Look at W.F. Brinkman and T.M. Rice, "Single-Particle Excitations in Magnetic 



Insulators, Phys. Rev. B 2, 1324-1338 (1970) and proof Eq. ( [L12| ). This derivation 
is only suitable for you if you have a solid training in physics. 

Clustering coefficient 



Proof Eq. ( |1.56 ) for the clustering coefficient of one dimensional lattice graphs. 



Facultatively, generalize this formula to a d-dimensional lattice with links along the 
main axis. 
Scale free graphs 

Write a program which implements preferential attachments and calculate the re- 
sulting degree distribution p^. If you are adventurous, try alternative functional 
dependencies for the attachment probability 11 (fc,) instead of the linear assumption 
( fOSj ). 

SIR MODEL 

Consult'http : //xxx . arxiv. org/abs/cond-mat/0201433! M.E.J. New- 
man, "Exact solutions of epidemic models on networks" and solve the susceptible 
(S), infective (I), removed (R) model for spreading of diseases in social networks by 



a generalization of the techniques discussed in section 1.3 



Further readings 



For further studies several books (Watts, 1999; Dorogovtsev & Mendes, 2003) 
and review articles (Albert & Barabasi, 2002; Dorogovtsev & Mendes, 2002) are 
recommended. 

The interested reader might dwell in some of the original literature on, e.g., 
the original Watts and Strogatz (1998) small- world model, the Newman and 
Watts (1999) model, the mean-field solution of the preferential attachment model 
(Barabasi, Albert & Jeong, 1999), the formulation of the concept of clique perco- 
lation (Derenyi, Palla & Vicsek, 2005), an early study of the WWW (Albert, Jeong 
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& Barabasi, 1999), a recent study of the time evolution of the Wikipedia network 
(Capocci et al, 2006), a study regarding the community structure of real- world 
networks (Palla et al, 2005) or the mathematical basis of graph theory (Erdos & 
Renyi, 1959). A good starting point is Milgram's (1967) account of his by now 
famous experiment, which led to the law of 'six degrees of separation' (Guare 
1990). 
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Chapter 2 

Chaos, Bifurcations and Diffusion 



Preface 

Complex system theory deals with dynamical systems containing very large num- 
bers of variables. It extends dynamical system theory, which deals with dynamical 
systems containing a few variables. A good understanding of dynamical system 
theory is therefore a prerequisite when studying complex systems. 

We introduce in this chapter important concepts, like regular and irregular be- 
havior, attractors and Lyapunov exponents, bifurcation and deterministic chaos 
from the realm of dynamical system theory. A short introduction to dissipative 
and to stochastic, viz noisy systems is given further on, together with two im- 
portant examples out of noise-controlled dynamics, namely stochastic escape and 
stochastic resonance. 



2.1 Basic concepts of dynamical system theory 

Dynamical system theory deals with the properties of coupled differential equa- 
tions, determining the time evolution of a few, typically a handful of variables. 
Many interesting concepts have been developed and we will present a short 
overview covering the most important phenomena. 

Fixpoints and limiting cycles 

We start by discussing an elementary non-linear rotator, just to illustrate some 
procedures typical for dynamical system theory. We consider a two dimensional 
system x = {x,y). Using polar coordinates 

x{t) = r(Ocos((p(0), yit) = r(Osin((p(0), (2.1) 
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Figure 2.1: The solution of the non-linear rotator (2.1 1 and (2.2 1 for F < (left) 
and F > (right). 



we assume that the following non-linear differential equations 

r = (r-r^)r, <p = (O 



(2.2) 



govern the dynamical behavior. Typical orbits {x{t),y{t)) are illustrated in Fig. 
2.1 The limiting behavior of Eq. ( |2.2 ) is 



lim 

t — >oo 
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r = r? > 



(2.3) 



In the first case, F < 0, we have a stable fixpoint, in the second case, F > 0, the 
dynamics approaches a limiting cycle. 

Bifurcation 

When a dynamical system, described by a set of parameterized dif- 
ferential equations, changes qualitatively, as a function of an external 
parameter, the nature of its long-time limiting behavior in terms of 
fixpoints or limiting cycles; one speaks of a bifurcation. 



The dynamical system ( 2.1[ ) and ( |2.2[ ) shows a bifurcation at F = 0. A fixpoint 
turns into a limiting cycle at F = 0, one denotes this specific type of bifurcation a 
'Hopf bifurcation' . 

First-order differential equations 

Let us consider the third-order differential equation 



dt^ 



^(0 = /(■«,-*,-^) ■ 



(2.4) 
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Using 



Xi{t)=x{t), X2{t)=x{t), X-i{t)=x{t) 



we can rewrite (2.4) as a first-order differential equation: 



d 


' xi ' 




— 


X2 


= 


dt 


. -^3 . 





X2 

X3 

f{xuX2,X3] 



(2.5) 



Autonomous systems 

It is then generally true that one can reduce any set of coupled differential equa- 
tions to a set of first-order differential equations introducing an appropriate num- 
ber of additional variables. We do therefore consider in the following only first- 
order, ordinary differential equations such as 



dx{t) 
dt 



f(xW), 



xjGlR'' 



t G [— °o,+°o] 



when time is continuous, or, equivalently, maps such as 



x{t+\) = g(x(0), 



x,gGlR" 



t = 0,l,2,--- 



(2.6) 



(2.7) 



when time is discrete. An evolution equation of type ( 2.6| ) is denoted 'au- 
tonomous' , since it does not contain an explicit time dependence. A system 
of type X = f(?,x) is dubbed 'non-autonomous'. 

Pliase space 

One denotes by 'phase space' the space spanned by all allowed values 
of the variables entering the set of first-order differential equations 
defining the dynamical system. 

The phase space depends on the representation. For a two-dimensional system 
{x,y) the phase space is just IR^, but in polar coordinates Eq. (2.1 ) it is 



{(r,(p)|rG[0,oo],(pG[0,27r[} 



Orbits and trajectories 

A particular solution x(?) of the dynamical system Eq. (2.6) can be visualized as a 



'trajectory', also denoted 'orbit', in phase space. Any orbit is uniquely determined 
by the set of 'initial conditions', x(0) = xq, since we are dealing with first-order 
differential equations. 
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Figure 2.2: Illustration of the Poincare map x -^ P(x). 



Poincare map 

It is difficult to illustrate graphically the motion of x{t) in d dimensions. Our 
retina as well as our print media is two-dimensional and it is therefore convenient 
to consider a plane E in IR'^ and the points x^'^ of intersection of an orbit y with E, 



see Fig. 2.2 



For the purpose of illustration let us consider the plane 

E = {{xi,X2,0,. . . ,0)\xuX2 elR} 



and the sequence of intersections (see Fig. 2.2) 

x» = (xi'V?,0,...,0), 
which define the Poincare map 



{i 



1,2,...; 



P: x(') ^ x('+i) 



The Poincare map is therefore a discrete map of type Eq. < |2.7 ), which can be 



constructed for continuous-time dynamical systems like Eq. ( |2.6[ ). The Poincare 
map is very useful, since we can print and analyze it directly. A periodic orbit, to 
give an example, would show up in the Poincare map as the identity mapping. 

Constants of motion and ergodicity 

We mention now a few general concepts from the theory of dynamical systems. 

• Constant of motion 

A function F(x) on phase space x = (jci, . . . .xj) is called a 'constant of 
motion' or a 'conserved quantity' if it is conserved under the time evolution 
of the dynamical system, i.e. when 



dt 



F(x(0) 



d 

E 

i=l 



dxi 



F(x) i,(0 = 
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holds for all times t. In many mechanical systems the energy is a conserved 
quantity. 

• Ergodicity 

A dynamical system in which orbits come arbitrary close to any allowed 
point in phase space, irrespective of the initial condition, is called ergodic. 

All conserving systems of classical mechanics, obeying Hamiltonian dy- 
namics, are ergodic. The ergodicity of a mechanical system is closely re- 
lated to 'Liouville's theorem', which will be discussed in section [T.3.1[ 

Ergodicity holds only modulo conserved quantities, as it is the case for the 
energy in many mechanical systems. Then, only points in phase-space hav- 
ing the same energy as the trajectory considered, are approached arbitrarily 
close. 

• Attractor 

A bounded region in phase space to which orbits with certain initial condi- 
tions come arbitrary close, is called an attractor. 

Attractors can be isolated points (fixpoints), limiting cycles or more com- 
plex objects. 

• Basin of attraction 

The set of initial conditions which leads to orbits approaching arbitrary 
close a certain attractor is called the basin of attraction. 

It is clear that ergodicity and attractors are mutually exclusive: An ergodic system 
cannot have attractors and a dynamical system with one or more attractors cannot 
be ergodic. 
Mechanical systems and integrability 

A dynamical system of type 

is denoted 'mechanical system' since all equations of motion in classical mechan- 
ics are of this form, e.g. Newton's law. / is called the degree of freedom and a 
mechanical system can be written as a set of coupled first-order differential equa- 
tions with 2/ variables 

(xi...x/,vi...v/), Vi = Xi, i=l,...,N 

constituting the phase space, with v = (vi , . . , v/^) being denoted the generalized ve- 
locity. A mechanical system is "integrable " if there are a = 1 , . . . , / independent 



44 



Chaos, Bifurcations and Diffusion 




(4) 



(1) 



(2) 



(1) 



(2) 



(3) 



y /! (4) 



(3) 



Figure 2.3: Illustration of a KAM-torus. 

Left: The torus can be cut along two lines (blue/green) and unfolded. 

Right: A closed orbit on the unfolded torus with (Oi/(02 = 3/1. The numbers 

indicate points which coincide after refolding (periodic boundary conditions). 



constants of motion F«(x,x) with 



dt 



Fa(x,x) = 0, 



a 



I,---,/ 



The motion in the 2/-dimensional phase space {xi . . .xy,vi . . .Vf) is then re- 



stricted to an /-dimensional subspace, an /-dimensional torus, see Fig. 2.3 



An example for an integrable mechanical system is the Kepler problem, viz the 
motion of the earth around the sun. Integrable systems are however very rare, but 
they constitute important reference points for the understanding of more general 
dynamical systems. A classical example of a non-integrable mechanical system is 
the three-body problem, viz the combined motion of earth, moon and sun around 
each other. 

KAM theorem 

Kolmogorov, Arnold and Moser (KAM) have examined the question of what hap- 
pens to an integrable system when it is perturbed. Let us consider a 2-dimensional 
torus, as illustrated in Fig. 2.3[ The orbit wraps around the torus with frequen- 
cies COi and (O2 respectively. A key quantity is the ratio of revolution frequencies 
(0 1/(02; it might be rational or irrational. 

We remember that any irrational number r may be approximated with arbi- 
trary accuracy by a sequence of quotients 



m\ 


m2 


m^ 




5 


7 


, ... 


Si < S2< S^, < .. 


i'l 


S2 


■^3 





with ever larger denominators 5,. A number r is 'very irrational' when it is dif- 
ficult to approximate r by such a series of rational numbers, viz when very large 
denominators si are needed to achieve a certain given accuracy \r — m/s\. 



2.2 The logistic map and deterministic chaos 



45 



- 


/ 


' 1 


' 1 

y 
/ 
/ 
/ 


' 1 ' X 
/ 
/ 
/ 

y 
/ 
/ 
y 
/ 
/ 
/ 
y 
/ 
/ 
/ 


/ 
/ 


/ 


/ 
y 

/ 
/ 
/ 

y 
/ 


r=2.5 \ \ 


J/ 










/ 


f(x) 

■ - f(f(x)) 


\ \ 


1 


1 


1 1 


1 1 1 ^ 



0.2 0.4 0.6 0.8 




0.2 0.4 0.6 0. 



Figure 2.4: Illustration of the logistic map f{x) (thick solid line) and of the iter- 
ated logistic map f{f{x)) (thick dot-dashed line) for r = 2.5 (left) and r = 3.3 
(right). Also shown is an iteration of /(x), starting fromx = 0.1 (thin solid line). 
Note, that the fixpoint /(x) = x is stable/unstable for r = 2.5 and r = 3.3 respec- 
tively. The orbit is attracted to a fixpoint of /(/(x)) for r = 3.3, corresponding 
to a cycle of period two for /(x) . 

The KAM theorem states that orbits with rational ratios of revolution frequen- 
cies a)i/(02 are the most unstable under a perturbation of an integrable system and 
that tori are most stable when this ratio is very irrational. 

Gaps in the Saturn-rings 

A spectacular example for the instability of rational KAM-tori are the gaps in the 
rings of the planet Saturn. 

The time a particle orbiting in Cassini's gap (between the A- and the B- 
ring, r = 118 000km) would need around the Saturn is exactly half the time the 
'shepherd- moon' Mimas needs to orbit Saturn. The quotient of the revolving fre- 
quencies is 2:1. Any particle orbiting in Cassini's gap is therefore unstable 
against the perturbation caused by Mimas and it is consequently thrown out of its 
orbit. 



2.2 The logistic map and deterministic chaos 



Chaos 

The notion of 'chaos' plays an important role in dynamical system theory. A 
chaotic system is defined as a system which cannot be predicted within a given 
numerical accuracy. At first sight this seems to be a surprising concept, since dif- 



ferential equations of type Eq. (2.6), which do not contain any noise or random- 
ness, are perfectly deterministic. Once the starting point is known the resulting 
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trajectory can be calculated for all times. Chaotic behavior can arise nevertheless, 
due to an exponential sensitivity to the initial conditions. 

Deterministic chaos 

A deterministic dynamical system which shows exponential sensibil- 
ity of the time development on the initial conditions is called chaotic. 

This means that a very small change in the initial condition can blow up even after 
a short time. When considering real- world applications, when models need to be 
determined from measurements containing inherent errors and limited accuracies, 
an exponential sensitivity can result in unpredictability. A well-known example is 
the problem of long-term weather prediction. 

The logistic map 

One of the most cherished models in the field of deterministic chaos is the logistic 
map of the interval [0, 1] onto itself: 

Xn+l = fixn) = rxn{l-xn), jc„g[0, 1], rG [0,4], (2.8) 

where we have used the notation x{t + n) = Xn- The logistic map is illustrated in 



Fig. 2.4 The logistic map shows, despite its apparent simplicity, an infinite series 



of bifurcations and a transition to chaos. 

Biological interpretation 

We may consider the x„ E [0, 1] to stand for the population density of a reproduc- 
ing species in the year n . In this case the factor r(l — jc„) G [0,4] is the number 
of offsprings per year, which is limited in the case of high population densities 
X ^ 1, when resources become scarce. The classical example is that of a herd of 
reindeer on an island. 



Knowing the population density Xn in a given year n wemay predict via (2.8) 
the population density for all subsequent years exactly, the system is deterministic. 
The population density shows nevertheless irregular behavior for certain values of 
r which one calls "chaotic". 

Fixpoints of the logistic map 

We start considering the fixpoints of f{x): 

X = rx{l—x) <^=^ x = or 1 = r(l — x) . 

The non-trivial fixpoint is then 

l/r = l-x, jc^^) = 1-1/r, ri<r, n = 1 . (2.9) 

It occurs only for ri < r, with ri = 1, due to the restriction x^^^ G [0, 1]. 
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Stability of the fixpoint 

We examine the stability of x^^' against perturbation by linearization of (2.8 1, 
using 



We obtain 



yn ^ Xn-X^^\ Xn^X^^^+yn, Jn < 1 ■ 



.(1 



X' '+yn+i 



r{x(^)+y„){l-/^)-y„) 

= ,^(1)(1_^(1)_^„)+^„(1_^(1)_3;,,). 

Using the fixpoint condition x^^'= f{x^^') and neglecting terms ~ y^ we obtain 

yn+i = -rx^^^yn + rynil-x^^^) = r{l-2x^^^)yn 



and, using (2.9), we find 

yn+i = r(l-2(l-l/r))3;„ = {2-r)yn = (2-r)"+i 



yo 



(2.10) 



The perturbation y,i increases/decreases in magnitude for |2 — r| > 1 and \2 — r\ < 1 
respectively. Noting that r G [1,4] we find 



ri < r < r2 



n 

ri 



1 

3 



(2.11) 



|2-r|<l ^^ 

for the region of stability of x^^^ 

Fixpoints of period two 

For r > 3 a fixpoint of period two appears, that is a fixpoint of the iterated 
function 

/(/W) = rf{x){\-f{x)) = Ml-x){l-rx{l-x)). 

The fixpoint equation x = f{f{x)) leads to the cubic equation 

1 = r {1 — rx + rx ) —r x{\—rx + rx )^ 

= rV-2rV + (r3+r2)x+l-r2. (2.12) 



In order to find the roots of (2.12) we use the fact that x = x^^' = 1 — l/r is a 



stationary point of both f{x) as of f{f{x)), see Fig. 2.4 We divide (2.12 ) by the 

root (x-jc(i)) = (jc-l + l/r): 



.3„2 



rV - 2rV + (r^ + r^)x + 1 - r^) : (;c - 1 + l/r) 
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rV - (r^ + r^)x + ir^ + r) . 



The two new fixpoints of f{f{x)) are therefore the roots of 



x^-{l + -]x+{- + 



1 1 



r r^ 







We obtain 



^^'-U^^>\H 



1 1 

r r^ 



(2.13) 



Bifurcation 

For r > 3 we have two fixpoints, for r < 3 only one. What happens for r = 3? 



xf{r = ^) 



13 + 1 , /I /3 + 1 



2 3 



± 



4 V 3 



3 + 1 



h'-h-"'(-3) 



At r = 3 the fixpoint splits into two, see Fig. |2.5[ a typical bifurcation. 

More bifurcations 

We may now carry out a stability analysis for x^ , just as we did it for x^^' . We 
find a critical value rs > r2 such that 



(2) 

^1^ (r) stable 



r2 < r <r3 



(2.14) 



Going further on one finds an r4 such that there are four fixpoints of period four, 
that is of f if if if (x)))) , for r^ < r < r4 . In general there are critical values r„ 
and r„_|_i such that there are 



2"- 1 fixpoints x^"^ of period 2"- ^ 



rn<r< r„+i 



The logistic map therefore shows iterated bifurcations. This is however not yet 

chaotic behavior. 

Chaos in the logistic map 

The critical r„ for doubling of the period converge: 



lim r„ 



3.5699456. 
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y,yY 



4.0 



Figure 2.5: The fixpoints of the (iterated) logistic map (left) and the correspond- 
ing Lyapunov exponents (right), as a function of the parameter r. Positive Lya- 
punov exponents X, indicate chaotic behavior. 



There are consequently no stable fixpoints of f{x) or of the iterated logistic map 
in the region 

Too < r < 4 . 



In order to characterize the sensibility of ( |2.8[ ) with respect to the initial condition 
we consider two slightly different starting populations xi and x'f 



Xl 



yi; 



yi<l • 



The key question is then whether the difference in populations 



yn 



Am 



X„ 



is still small after m iterations. Using x'^ =xi—yi we find for m = 2 

yi = X2-X2 = rx\{\-x\)-ry!i{\-x^ 

= rxi{\-xi)-r{xi-yi){l-{xi-yi)) 

= rxi{\-xi)-rxi{l-xi+yi) + ryi{l-Xi+yi) 

= -rxiyi+ryi{l-xi+yi) . 

Neglecting the term ~ y\ we obtain 

y2 = -rxiyi+ryi{l-xi) = r{\-2xi)yi = Eyi . 

For |£| < 1 the map is stable, as two initially different populations close in with 
time passing. For |e| > 1 they diverge, the map is "chaotic". 

Lyapunov exponents 

We define via 
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the Lyapunov exponent X = X{r) : 

?i< <^ stability, X > -^^ instability . 

For positive Lyapunov exponents the time-development is exponentially sensitive 
to the initial conditions and shows chaotic features. This is indeed observed in na- 
ture, e.g. for populations of reindeer on isolated islands, as well as for the logistic 



map for r^<r <A, compare Fig. [23 

Routes to chaos 

The chaotic regime r^, < r < 4 of the logistic map connects to the regular regime 
< r < Too with increasing period doubling. One speaks of a "route to chaos via 
period-doubling". The study of chaotic systems is a wide field of research and a 
series of routes leading from regular to chaotic behavior have been found. Two 
important alternative routes to chaos are: 

• Intermittency route to chaos. 

The trajectories are almost periodic, interdispersed with regimes of irregular 
behaviour. The occurence of these irregular bursts increases until the system 
becomes irregular. 

• Ruelle-Takens-Newhouse route to chaos. 

A strange attractor appears in a dissipative system after two (Hopf) bifurca- 
tions. As a function of an external parameter a fixpoint evolves into a lim- 
iting cycle (Hopf bifurcation), which then turns into a limiting torus which 
then turns into a strange attractor. 



2.3 Dissipation and adaption 

We have discussed deterministic dynamical systems in the preceding sections, viz 
systems for which the time evolution can be computed exactly, at least in principle, 
once the initial conditions are known. We now turn to 'stochastic systems', i.e. 
dynamical systems which are influenced by noise and fluctuations. 

2.3.1 Dissipative systems and strange attractors 

Friction and dissipation 

Friction plays an important role in real-world systems. One speaks also of 'dissi- 
pation' since energy is dissipated away by friction in physical systems. 
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Figure 2.6: Simulation of the mathematical pendulum (|) = — sin((|)) —y^. The 

shaded regions illustrate the evolution of the phase-space volume for consecutive 

times, starting with t = (top). 

Left: Dissipationless case y = 0. The energy E = (j)^/2 — cos((|)) is conserved 

as well as the phase-space volume (Liouville's theorem). The solid/dashed lines 

are the trajectories for £ = 1 and E = —0.5 respectively. 

Right: Case Y= 0.4. Note the contraction of the phase-space volume. 



The total energy is however conserved in nature and friction then just stands 
for a transfer process of energy, when energy is transfered from a system we ob- 
serve, like a car on a motorway with the engine shut-off, to a system not under 
observation, such as the surrounding air. In this case the combined kinetic energy 
of the car and the thermal energy of the air body is constant, the air heats up a 
little bit while the car slows down. 

Mathematical pendulum 

As an example we consider the damped 'mathematical pendulum' 



(|) + ycj) + cOq sin(|) = 



(2.15) 



which describes a pendulum with a rigid bar, capable of turning over completely, 
with (|) corresponding to the angle between the bar and the vertical. The mathe- 
matical pendulum reduces to the damped harmonic oscillator for small (|) ~ sin(|), 
which is damped / critical / overdamped for y < 2(0o, y = 2a)o and y > 2(0o. 

Normal coordinates 



Transforming the damped mathematical pendulum Eq. (2.15) to a set of coupled 
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first-order differential equations via x = <^ and ^ = y one gets 

' = ' 2 . (2.16) 

y = —jy — diQsmx 

The phase space is x G IR^ , with x = {x,y). For all y > the motion approaches 
one of the equivalent global fixpoints (Inn, 0) for:t^o° and n eZ. 

Phase-space contraction 

Near an attractor the phase space contracts. We consider a three-dimensional 
phase space {x,y,x) for illustrational purposes. The quantity 

AVit) = Ax{t)Ay{t)Ay{t) = (^t) -x\t))iy{t) -y'it))iyit) -y'it)) 

corresponds to a small volume of phase space. Its time evolution is given by 

d 

—AV = AxAyAy + AxAyAy + AxAyAy , 
at 

or 

Ay Ai Ay Ay 

^T^T^ = ^ + / + / = ^■^- (2.17) 

AjcAyAz Ax Ay Ay 

The time evolution of phase space is illustrated in Fig. 2.6 for the case of the 

mathematical pendulum. An initially simply connected volume of phase space 

remains so under the effect of time evolution, but it might undergo substantial 

deformations. 

Dissipative and conserving systems 
A dynamical system is dissipative, if its phase space volume contracts 
continuously, V • x < 0, for all x{t). The system is said to be conserv- 
ing if phase space volume is a constant of motion, viz if V • x = 0. 

Mechanical systems, i.e. systems described by Hamiltonian mechanics, are all 
conserving in above sense. One denotes this result from classical mechanics 'Li- 
ouville's theorem'. 

Mechanical systems in general have bounded and non-bounded orbits, de- 
pending on the energy. The planets run through bounded orbits around the sun, 
to give an example, but some comets leave the solar system for all times on un- 
bounded trajectories. One can easily deduce from Liouville's theorem, i.e. from 
phase space conservation, that bounded orbits are ergodic. It comes eventually ar- 
bitrary close to every point in phase space having the identical conserved energy. 

Examples 

Dissipative systems are a special class of dynamical systems. Let us consider a 
few examples: 
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For the damped mathematical pendulum (2.16) we find 

0, / = ^ '-^ -. ° = -J V ■ X = -y < 



dx 
dx 



dy 



The damped harmonic oscillator is consequently dissipative. It has a single 
fixpoint (0, 0) and the basis of attraction is the full phase space (modulo 2n). 
Some examples of trajectories and phase-space evolution are illustrated in 



Fig. 2.6 



For the non-linear rotator defined by Eq. ( |2.2| ) we have 
8(p 



dr 

dr 3(p 



r-3r^ 




for r<o 

for r>0 and r>rc/V3 
for r > and < r < r^/V^ 



(2.18) 



where r^ = v r is the radius of the limiting cycle when F > 0. The system might 
either dissipate or take-up energy, a typical behavior of 'adaptive systems' as we 
will discuss further in section 2.3.2[ Note, that the phase space contracts both 
close to the fixpoint, for F < 0, and close to the limiting cycle, for F > 0. 

Phase-space contraction and coordinate systems 



The time development of a small phase-space volume, Eq. |2.17[ depends on the 
coordinate system chosen to represent the variables. As an example we reconsider 



the non-linear rotator defined by Eq. (2.2) in terms of the Cartesian coordinates 
X = r cos cp and y = rs'm cp. 

The respective infinitesimal phase space volumes are related via the Jacobian, 



dxdy = rdrd(p 



and we find 
AV 

Ay 



rArAcp + r Ar Acp + rArAcp 
rArAcp 



r dr d(b 
r ar dcp 



2F-4r^ 



compare Eqs. ( |2.2 ) and (2.18). The amount and even the sign of phase-space 
contraction can depend on the choice of the coordinate system. 

The Lorenz model 

A rather natural question is the possible existence of attractors with less regular 
behaviors i.e. different from stable fixpoints, periodic or quasi-periodic motion. 
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For this question we examine the Lorenz model 










dx 
dt 


-a{x- 


-y). 










dy 
dt 


-XZ + 


rx — y, 






(2.19) 




dz 
dt 


xy-bz . 








The classical values 


are o = 10 and b 


= 8/3, 


with r being 


the control variable. 


Fixpoints of the Lorenz model 












A trivial fixpoint is 


(0,0,0). Thenon- 


■trivial 


fixpoints are 









= -o{x-y) 




X = 


y 









= —xz + rx — y 




z — 


r — 


1 







= xy — bz 


2 
X = 


2 

= r = 


b{r 


-1) 





It is easy to see by linear analysis that the fixpoint (0,0,0) is stable for r < 1. For 
r > 1 it becomes unstable and two new fixpoints appear: 



C+ 



(±y/b{r-l),±y/b{r-l),r-l^ . (2.20) 



These are stable for r < rc = 24.74 (a = 10 and b = 8/3). For r > r^ the behavior 
becomes more complicated and generally non periodic. 

Strange attractors 

One can show, that the Lorenz model has positive Lyapunov exponents for r> Vc. 
It is chaotic with sensitive dependence on the initial conditions. The Lorenz model 
is at the same time dissipative, since 

dx dy dz , 

^ + ^ + ^ = - o+l+Z> < 0, o>0, Z>>0. (2.21) 

ax ay dz 

The attractor of the Lorenz system therefore cannot be a smooth surface. Close 
to the attractor the phase- space contracts. At the same time two nearby orbits are 
repelled due to the positive Lyapunov exponents. One finds a self- similar structure 
for the Lorenz- attractor with a fractal dimension 2.06 ±0.01. Such a structure is 
called "strange attractor" . 

The Lorenz model has had an important historical relevance in the develop- 
ment of chaos theory and is now considered a paradigmatic example of a chaotic 
system. 

Fractals 

Self-similar structures are called fractals. Fractals can be defined by recurrent 
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Figure 2.7: The Sierpinski carpet and its iterative construction. 



geometric rules, examples are the Sierpinski triangle and carpet (see Fig. |2.7 ) 
and the Cantor set. Strange attractors are normally multifractals, i.e. fractals with 
non-uniform self-similarity. 

Hausdorff dimension 

An important notion in the theory of fractals is the 'Hausdorff dimension'. We 
consider a geometric structure defined by a a set of points in d dimensions and the 
number A^(/) of J-dimensional spheres of diameter / needed to cover this set. If 
N{1) scales like 

N(l) oc /-^«, for / ^ 0, (2.22) 

then Dh is called the Hausdorff dimension of the set. Alternatively we can rewrite 



(2.22) as 



A^(/) 



-Dh 



Dh 



\og[N{l)/N{n 



(2.23) 



N{1') \l'J ' log [///'] 

which is useful for self-similar structures (fractals). 

The J— dimensional spheres necessary to cover a given geometrical structure 
will generally overlap. The overlap does not affect the value of the fractal dimen- 
sion as long as the degree of overlap does not change qualitatively with decreasing 
diameter /. 

Hausdorff dimension of the Sierpinski carpet 

For the Sierpinski carpet we increase the number of points N{1) by a factor of 8, 



compare Fig. |2.8[ when we decrease the length-scale / by a factor of 3 (see Fig. 

log[8/l] 



2.7): 



Dh 



_ logs 
log[l/3] log3 



1.8928. 
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Figure 2.8: Left: The fundamental unit of the Sierpinski carpet, compare Fig. 



2.7 contains eight squares which can be covered by discs with an approiate 



diamter. 

Right: The seesaw with a water container at one end, an example of an oscillator 

which takes-up/disperses energy periodically. 



2.3.2 Adaptive systems 

Adaptive systems 

A general complex system is neither fully conserving nor fully dissipative. Adap- 
tive systems will have periods where they take up energy and periods where they 
give energy back to the environment. An example is the non-linear rotator of Eq. 



(2.2), see also Eq. (2.18). 

In general one affiliates with the term 'adaptive system' the notion of complex- 
ity and adaption. Strictly speaking any dynamical system is adaptive if V . x may 
take both positive and negative values. In praxis it is however custom to reserve 
the term 'adaptive system' to dynamical systems showing a certain complexity, 
such as emerging behavior. 

Van der Pol oscillator 

Circuits or mechanisms built for the purpose of controlling an engine or machine 
are intrinsically adaptive. An example is the van der Pol oscillator. 



8(1 -X )x + X 



0, 



X = y 

y — e{l—x^)y — x 



(2.24) 



where £ > and where we have used phase-space variables x = (x, y) . We evaluate 
the time-evolution V ■ x of the phase-space volume. 



V-x = +e{l-x^) . 
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The oscillator takes-up/dissipates energy for x^ < I and x^ > I respectively. A 
simple mechanical example for a system with similar properties is illustrated in 



Fig. 2.8 



Secular perturbation theory 

We consider a perturbation expansion in £. The solution of (2.24) is 

xo{t) = ae'^"'''+'^^ + c.c, (Oo = 1 , 



(2.25) 



for £ = 0. We note, that the amplitude a and phase (|) are arbitrary in ( 2.25| ). 
The perturbation £(1 —x^)x might change, in principle, also the given frequency 
(Oo = 1 by an amount o« £. In order to account for this 'secular perturbation' we 
make the ansatz 



x{t) = [A{T)e''+A*{T)e-'']+exi + 



A{T) 



Aizt) 



(2.26) 



which differs from the usual expansion x{t) — > XQ{t) + £x' (?) + ... of the full solu- 
tion x{t) of a dynamical system with respect to a small parameter £. 

Expansion 



From (2.26 1 we find to the order 0(£^) 

J2 ^ A 2 J.it 



A^e^'' + 2|A|2 + {Aye-^'' + 2£jci [Ae" ^Ae-''] 



z{l-x^) ^ z{\-2\A\^)-z[A^e^'' + {A 



\*\2-2it 



£fl 



-X ]x 



and 



?a [(£A7' + zA)e'^ + c.c.] +£ii, Aj- = 

= z{\-2\A\^)[iAe''-iA*e-''] 

- £ [A^e^'' + {A*fe-^''] [iAe'' - iA*e-"] 



[{e^ATT + 2ieAT -A) e'' + ex.] + exi 
[{2ieAT-A)e'' + C.C.] + exi , 



dAiT} 
dT 



Substituting these expressions into Eq. (2.24) we obtain in order 0{'t}] 
XI +xi = {-2iAT + iA- i\A\^A) e'^ - iA^e^'' + c.c. 



(2.27) 



Solvability condition 



Eq. ( |2.27 ) is identical to a driven harmonic oscillator, which will be discussed in 
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the chapter on "Synchronization Phenomena" in more detail. The time depen- 
dences 



~ e 



and 



~ e 



3 it 



of the two terms on the right-hand side of ( 2.27| ) are proportional to the unper- 
turbed frequency cOq = 1 and to 3(jOo respectively. 

The term ~ e'' is therefore exactly at resonance and would induce a diverging 
response xi -^ °o, in contradiction to the perturbative assumption made by ansatz 



( |2.26[ ). Its prefactor must therefore vanish: 

1 



dA 
df 



(l-|Ap)A, 



dA 



(1-|A|2)A 



(2.28) 



where we have used T = et. The solubility condition (2.28 1 can be written as 

de"^ + i^ae''^ = ^(l-a^jae'^ 
in phase-magnitude representation A (?) = a{t)e"^^^\ or 



a = £(l— a^)a/2, 

(f) ~ 0(£2) . 



(2.29) 



The system takes-up energy for a < 1 and the amplitude a increases until the 
saturation limit a ^ I, the conserving point. For a > I the system dissipates 
energy to the environment and the amplitude a decreases, approaching unity for 
? — > oo, just as we discussed in connection to Eq. (|2.2[). 



The solution .x;(f) ~ 2acos{t), compare Eqs. (2.26) and (2.29), of the van der 
Pol equations constitutes therefore an amplitude-regulated oscillation, as illus- 



trated in Fig. 2.9 This behavior was the technical reason for historically develop- 



ing control systems which are described by the van der Pol equation (2.24). 
Lienard variables 



For large £ it is convenient to define, compare Eq. (2.24), with 



£— y(0 = x{t)-e{l-x^{t))x{t) 



or 



£7 



X -e{l-X^)X, 



X(t) 



-xit) 



xit) 



(2.30) 



the Lienard variables X{t) and Y{t). Integration of Y with respect to t yields 

eV = X -e{X 
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Figure 2.9: The solution of the van der Pol oscillator, Eq. (2.24 1, for small £ and 



two different initial conditions. Note the self-generated amplitude stabilization. 



where we have set the integration constant to zero. We obtain, together with Eq. 

(2.31) 



(2.30), 



f{X) = X'/3-X 



X = c(Y-f{X) 

Y = -X/c 

where we have set c = £, as we are now interested in the case c ^ 1 . 
Relaxation oscillations 



We discuss the solution of the van der Pol oscillator ( 2.31| ) for a large driving 
c graphically, compare Fig. 2.10 by considering the flow {X,Y) in phase-space 
(X, y ) . For c ^ I there is a separation of time scales, 

(Xj) ~ (c,l/c), X»F, 

which leads to the following dynamical behavior: 

• Starting at a general {X{to),Y{to)) the orbit develops very fast ~ c and 
nearly horizontal until it hits the 'isocline' [^ 



X = 0, 



Y = f{X) = -X+X^/3 



(2.32) 



Once the orbit is close to the X = isocline Y = —X +X^ /3 the motion 
slows down and it develops slowly, with a velocity ~ 1/c close (but not 
exactly on) the isocline ( |2.32| ). 



• Once the slow motion reaches one of the two local extrema of the isocline 
it cannot follow the isocline any more and makes a rapid transition with 
Y ^ const, until it hits the other branch of the X = isocline. 

'The term isocline stands for 'equal slope' in ancient Greek. 
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Figure 2. 10: Van der Pol oscillator for a large driving c = £. 

Left: The relaxation oscillations with respect to the Lienard variables Eq. ( |2.31 1. 

The arrows indicate the flow {X,Y), for c = 3, see Eq. (2.31 1. Also shown is the 

X = isocline Y = —X +X^ /3 (solid line) and the limiting cycle, which includes 

the dashed line with an arrow and part of the isocline. 

Right: The limiting cycle in terms of the original variables {x,y) = (x,i) = {x,v). 

Note, that X(f) =x(t). 



The orbit relaxes therefore rapidly towards a limiting oscillatory trajectory, 



illustrated in Fig. 2.10 with the time needed to perform a whole oscillation de- 
pending on the relaxation constant c, therefore the term 'relaxation oscillation' . 
We will discuss relaxation oscillators further in the chapter on "Synchronization 
Phenomena" . 



2.4 Diffusion and transport 



Deterministic vs. stochastic time evolution 

So far we have discussed some concepts and examples of deterministic dynam- 
ical systems, governed by sets of coupled differential equations without noise or 
randomness. On the other extreme are diffusion processes for which the random 
process dominates the dynamics. 

Dissemination of information through social networks is one of many exam- 
ples where diffusion processes play a paramount role. The simplest model of 
diffusion is the Brownian motion, the erratic movement of grains suspended in 
liquid observed by the botanist Robert Brown as early as in 1827. Brownian mo- 
tion became the prototypical example of a stochastic process after the seminal 
works of Einstein and Langevin at the beginning of the 20th century. 
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Figure 2.11: Examples of random walkers with scale free distributions ~ | Ajc| ^+1^ 
for the real-space jumps, see Eq. ( 2.38| ). 

Left: P = 3, which falls into the universality class of standard Brownian motion. 
Right: P = 0.5, a typical Levy flight. Note the occurrence of longer-ranged 
jumps in conjunction with local walking. 

2.4.1 Random walks, diffusion and Levy flights 

One-dimensional diffusion 

We consider the random walk of a particle along a line, with equal probability 
1/2 to move left/right at every time step. The probability 

Pt{x), x = 0,±l,±2,..., ? = 0,1,2,... 

to find the particle at time t at position x obeys the master equation 



-Pt{x-1) + -pt{x+V 



Pt+iix) = ^Ptix- 1) + -Pt{x+ 1) . (2.33) 

In order to obtain a continuous limit, we introduce explicitly the steps Ax and At 
in space and time, and write 

Pt+At{x) - Ptjx) ^ (Ax)^ ptjx + Ax) + ptjx - Ax) -2pt{x) 

At 2At (Ajc)2 ■ ^ -^ ^ 

Now, taking the limit Ax, At — > in such a way that {Ax)^/{2At) remains finite, 
we obtain the diffusion equation 



dp{xj) 
dt 



D 



dx^ 



D 



M 

2At 



(2.35) 



Solution of the diffusion equation 



The solution to (2.35 1 is readily obtained aq^ 
1 



p{x,t) 



V^nDt 



exp 



4Dt 



^Note: Je ^ l"dx = ^/oK. 



dxp{x,t) 



(2.36) 



62 



Chaos, Bifurcations and Diffusion 



Ati 
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time 



Figure 2.12: A random walker with distributed waiting times A?, and jumps Ax,- 
may become a generalized Levy flight. 



From (2.36) one concludes that the variance of the displacement follows diffusive 



behavior, i.e. 



(At)) 



IDt 



{x^it)) = VlDt . 



(2.37) 



Diffusive transport is characterized by transport sublinear in time in contrast to 



ballistic transport with x = vt, as illustrated in Fig. 2.11 

Levy flights 

We can generalize the concept of a random walker, which is at the basis of ordi- 
nary diffusion, and consider a random walk with distributions p{At) and /»(Ajc) for 
waiting times Atj and jumps Axt, at every step / = 1, 2, ... of the walk, as illustrated 



in Fig. 2.12 One may assume scale-free distributions 
1 



p{At) 



{At 



il+a' 



p{Ax) 



1 



(Ax)i+P^ 



a,(3>0 



(2.38) 



If a > 1 (finite mean waiting time) and P > 2 (finite variance), nothing special 
happens. In this case the central limiting theorem for well behaved distribution 



Tabl e 2.1: The four regimes of a generalized walker with distribution functions, 
Eq. (2.38 1, characterized by scalings oc (A/)^'^" and oc (Ajc)^'^P for the waiting 



times At and jumps Ax, as depicted in Fig. 2.12 



a> 1 


|3>2 


Xr^ ^/t 


ordinary diffusion 


a> 1 


0<p<2 


x^t'/^ 


Levy flights 


0<a< 1 


p>2 


X ~ f «/2 


subdiffiusion 


0<a< 1 


0<p<2 


jc~r«/P 


ambivalent processes 
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functions is valid for the spacial component and one obtains standard Brownian 
diffusion. Relaxing above conditions one finds four regimes: normal Brownian 
diffusion, 'Levy flights', fractional Brownian motion, also denoted 'subdiffusion' 
and generalized Levy flights termed 'ambivalent processes'. Their respective scal- 



ing laws are listed in Table 2.4.1 and two examples are shown in Fig. 2.1 1 

Levy flights arise in a wide range of processes, such as in the flight patterns of 
wandering albatrosses or in human travel habits which seem to be characterized 
by a generalized Levy flight with a, |3 ?^ 0.6. 

Diffusion of information within networks 

Diffusion occurs in many circumstances. Let us consider here the diffusion of 
information through a social network. This is an interesting issue as the control of 
information is an important aspect of social influence and prestige. 

Consider a network of i = I,.. . ,N vertices connected by edges with weight 
Wij, corresponding to the elements of the weighted adjacency matrix. We denote 
by 

N 
i=l 

the density of information present at time t and vertex /. 

Flow of information 

The information flow can then be described by the master equation 

Pi{t+l) = p,{t) + J^+\t)At - 4-\t)At , (2.39) 

where J^ (t) denotes the density of information entering (+) and leaving (— ) 
vertex / per time-interval At, given by 



Introducing the time step At = I and the expressions for J^ (t) into Eq. (|2.39|) 



we find 

Pj-l^^zm = |p,(„ . £^,^,p^.(„ _ p,(„ , ,2.40) 

where we have performed the limit At —* and defined 

This equation can easily be cast into the following matrix form 

|p(0 = Dp(f), D,j = T,j-d,j, (2.41) 
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where p = (pi,..,pAr). It resembles the diffusion equation (2.34), so we may 
denote D = (£>/;) the diffusion matrix (or operator). Physically, Eq. (2.40) means 
that T = (Tij) transfers (propagates) the energy density p{t) one step forward in 
time. Due to this property, T has been termed the 'transfer matrix'. 

Stationary state 

When no new information is created we may expect the distribution of informa- 
tion to settle into a stationary state 

^ - 0. p,w -. P.H . 

Formally, the stationary state corresponds to the unitary eigenvalue of T, see Eq. 
( |2.40[ ). Here we assume 

P.H - EW'jV, (2.42) 



in Eq. (2.40): 



^'' Xw.j = £ Wu, £ W,j = £ Wu . (2.43) 



yLkWkj 



A global steady-state does consequently have the form of the ansatz ( 2.42[ ) when 
the weight of incoming links Y,j Wij equals the weight of outgoing links Y.i ^H 
for every vertex i. That is if there are no sinks or sources for information. The 



condition (2.43 ) is fulfilled for symmetric weight matrices with Wjj = Wp. 



2.4.2 Langevin equation and diffusion 

Diffusion as a stochastic process 

Langevin proposed to describe the diffusion of a particle by the stochastic differ- 
ential equation 

mv = -myv + ^{t), <^(0>=0, < ^(0^(0 >=<25(?-0, (2.44) 

where v{t) is the velocity of the particle and m > its mass. 



(i) The term — myv on the right-hand-side of Eq. (2.44[) corresponds to a damping 



term, the friction being proportional to y > 0. 

(ii) ^{t) is a stochastic variable, viz noise. The brackets < ... > denote ensemble 
averages, i.e. averages over different noise-realizations. 

(iii) As "white noise " (in contrast to "colored noise ") one denotes noise with flat 
power spectrum (as white light), viz < ^(?)^(?') >«« d{t — t'). 
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(iv) The constant 2 is a measure for the strength of the noise. 

Solution of the Langevin equation 

Considering a specific noise realization ^{t) one finds 

v{t) = voe-^ + — f dt'e^'^it') (2.45) 



for the solution of the Langevin Eq. (2.44), where vq = v(0). 

Mean velocity 

For the ensemble average < v{t) > of the velocity one finds 



< v{t) >= voe-^ + ^— f dt'e^' < ^(f') > = VQe-^ . (2.46) 





The average velocity decays exponentially to zero. 

Mean square velocity 

For the ensemble average < v^{t) > of the velocity squared one finds 

2voe"2^ f 

/ ai f ^ L, 

Jo ^ 



+ 



<v2(0> = vle-^-^^-^^ \ dt'e^' <llt')> 

m Jo V ^ ' 


-2yt ft rt 

-^ dt' dt"e^'e^" <^{t%{t")> 
1^ Jo Jo V ' 



Q&{t'-t" 







and finally 

For long times the average squared velocity 



<v2(,)>=v?.-^^ + ^(l-.-^v.). (2.47) 



r^oo ^ ' 2ym 



lim < v^{t) > = ;^^ (2.48) 



becomes, as expected, independent of the initial velocity vq. Eq. (2.48) shows 
explicitly that the dynamics is driven exclusively by the stochastic process o^ Q 
for long time scales. 
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Langevin equation and diffusion 

The Langevin equation is formulated in terms of the particle velocity. In order 
to make connection with the time evolution of a real-space random walker, Eq. 



(2.37 1, we multiply the Langevin Eq. (2.44) by x and take the ensemble average: 



1 e 
<xv> = -y<xv> +— <xc,> . 

m 



(2.49) 



We note that 



XV =xx- 



d X 
dt 2 



d^ x^ 2 
XV = xx= -—^— — X 
dt^ 2 



<;c^>=x<^>=0 



We then find for Eq. ([249]) 



df 



9 d <x^ > 



or 



df 



<x^> +y— <x^> = 2<v^> 
dt 



Q 



Jm 



2' 



(2.50) 



where we have used the long-time result Eq. (2.48) for < v^ >. The solution of 
Eq. ( |230l ) is 






For long times we find 

lim <x^ > 



Q 



y2f^2 



t = 2Dt, 



D 



Q 



fZ, fyiZ, 



2'Y^m 



(2.51) 



(2.52) 



diffusive behavior, compare Eq. (2.37 ). This shows, that diffusion is microscopical- 
ly due to a stochastic process, since D <x Q. 



2.5 Noise-controlled dynamics 

Stochastic systems 

A set of first-order differential equations with a stochastic term is generally 
denoted 'stochastic system'. The Langevin Eq. ( |2.44 ) discussed in section 2.4.2 
is a prominent example. The stochastic term corresponds quite generally to noise. 
Depending on the circumstance, noise might be very important for the long-term 
dynamical behavior, here some examples: 
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Figure 2.13: Left: Stationary distribution P{x) of diffusing particles in a har- 
monic potential V{x). 

Right: Stochastic escape from a local minimum, with AV = V{xmax) — V{xmin) 
being the potential barrier height and J the escape current. 

• Neural networks 

Networks of interacting neurons are responsible for the cognitive informa- 
tion processing in the brain. They must remain functional also in the pres- 
ence of noise and need to be stable as stochastic systems. In this case the 
introduction of a noise term to the evolution equation should not change the 
dynamics qualitatively. This postulate should be vahd for the vast majorities 
of biological networks. 

• Diffusion 

The Langevin equation reduces, in the absence of noise, to a damped motion 
without an external driving force, with v = acting as a global attractor. 
The stochastic term is therefore essential in the long-time limit, leading to 
diffusive behavior. 

• Stochastic escape and stochastic resonance 

A particle trapped in a local minimum may escape this minimum by a 
noise-induced diffusion process, a phenomenom called 'stochastic escape'. 
Stochastic escape in a driven bistable system leads to an even more subtle 
consequence of noise-induced dynamics, the 'stochastic resonance'. 



2.5.1 Stochastic escape 

Drift velocity 

We generalize the Langevin equation Eq. (|2.44[) and consider an external potential 
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Vix), 

mv = -mjv + F{x) + ^(r), F{x) = -V'{x) = --i-V{x) . (2.53) 

where v,m are the velocity and the mass of the particle, < ^{t) >= and < 
^{t)^{t') >= Qd{t - t'). In the absence of damping (y = 0) and noise (Q = 0), 
Eq. ( |2.53 ) reduces to Newton's law. 



We consider for a moment a constant force F{x) =F and the absence of noise, 
^(t) = 0. The system reaches then an equilibrium for t ^ °° when relaxation and 
the force cancel each other: 

F 

mvD = —myvo + F = 0, vo = — • (2.54) 

jm 

vd is called the 'drift velocity'. A typical example is the motion of electrons in 
a metallic wire. An applied voltage, which leads an electric field along the wire, 
induces an electrical current (Ohm's law). It results from the drifting electrons 
being continously accelerated by the electrical field, while bumping into lattice 
imperfections or colliding with the lattice vibrations, the phonons. 

Fokker-Planck equation 

We consider now an ensemble of particles diffusing in an external potential, and 
denote with P{x, t) the density of particles at location x and time t. Particle number 
conservation defines the particle current density 7(x, t) via the continuity equation 

at ax 

There are two contributions, 7^^ and 7^, to the total particle current density. The 
particle current density is 

JvD =VDP{x,t) 

when the particles move uniformly with drift velocity vd- For the contribution 7^ 
of the noise term ~ ^(?) to the particle current density 7(x, t) we remind ourselves 



of the diffusion equation Eq. (2.35) 



dt dx^ dx ^ dx 

Rewriting the diffusion equation in above fashion turns it into a continuity equa- 
tion and allows us to determine the functional form for 7^. Using the relation 



D = Q/{2'f-irP'), see Eq. (2.52), and including the drift term we find 



JM = .,PM-D^ = -PM - ^4;^ (2.57) 
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Figure 2.14: The driven double-well potential, V{x) —Aocos{D.t)x, compare Eq. 



(2.601. The driving force is small enough to retain the two local minima. 



for the total current density J = 7vo + J^ of diffusing particles. The continuity 
Eq. ( 2.55| ) together with expression (2.57) for the total particle current density is 
denoted the Fokker-Planck or Smoluchowski equation for the density distribution 

P{x,t). 

Harmonic potential 

We consider the harmonic confining potential 



V(x) 



f 2 



F{x) 



-fx 



and a stationary density distribution, 

dP{x,t) 



dt 







dJ{x,t) 



dx 







Expression (2.57) yields the differential equation 



d 
dx 



fx ^ Q d 
ym 2y^m^ dx 



P{x) = 



d 
dx 



PA+ 



dx 



P{x), 



P 



2ym 

~Q 



for the stationary distribution function P{x) = limt^oo P{x,t). We find 



P{x) = Ae^Pz 



-H-' 



Ae 



-pvw 



Ifym 



(2.58) 



where the pref actor is determined by the normalization condition f dxP(x) = 1. 
The density of diffusing particles in a harmonic trap is Gaussian-distributed, see 



Fig. 2.13 



Escape current 

We now consider particles in a local minimum, as depicted in Fig. |2.13[ Without 
noise, the particle will oscillate around the local minimum coming eventually to a 
standstill x -^ Xmin, under the influence of friction. 
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With noise, the particle will have a small but finite probability 

to reach the next saddlepoint , where AV is the potential difference between the 



saddlepoint and the local minimum, see Fig. 2.13 



The solution Eq. ( |2.58 ) for the stationary particle distribution in an external 



potential V{x) has a constant total current J, see Eq. (2.57), which depends on 
the form of the potential. For the case of the harmonic potential the steady state 
current vanishes. 

For the type of potentials relevant for the phenomena of stochastic escape, as 
illustrated in Fig. 2.13[ the steady state current is proportional to the probability a 



particle has to reach the saddlepoint. The escape current is then 

J(X t) oc g-W{^max)-y{x,nin)] ^ 

when approximating the functional dependence of P{x) with the one valid for the 



harmonic potential, Eq. (2.58 1. 

Kramer's escape 

When the escape current is finite, there is a finite probability per unit of time for 
the particle to escape the local minima, the "Kramer's escape rate" rx, 

rK = ^'T^"" exp [-P {V{x^a.) - V{x^in))] , (2.59) 
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where the prefactors a)„„„ = ^J\V"{xmin)\/m and (Umax = \/\V"{x,nax)\/m can be 
derived from a more detailed calculation, and where |3 = 2ym/Q. 

Stochastic escape in evolution 

Stochastic escape occurs in many real-world systems. Noise allows the system to 
escape from a local minimum it would otherwise remain stuck-in for eternity. 

As an example we mention stochastic escape from a local fitness maximum 
(in evolution fitness is to be maximized) by random mutations which play the role 
of noise. These issues will be discussed in more detail in the chapter "Statistical 
modeling of Darwinian evolution". 

2.5.2 Stochastic resonance 

Driven double-well potential 

We consider the diffusive dynamics in a driven double-well potential, see Fig. 



2.14 



-V\x)+Aocos{Qt)+^{t), y(x) = --x2 + -/. (2.60) 
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500 



Figure 2.15: Example trajectories x{t) for the driven double- well potential. The 
strength and the period of the driving potential are Aq = 0.3 and In/Q. = 100 
respectively. The noise level Q is 0.05, 0.3 and 0.8 (top/middle/bottom), see Eq. 



(2.601 



A few remarks: 



Eq. (2.60) corresponds to the Langevin Eq. ( |2.53 ) in the limit of very large 
damping, y^ m, keeping ym = 1 constant (in dimensionless units). 



The potential in Eq. ( 2.60| ) is in normal form, which one can always achieve 
by rescahng the variables appropriately. 



The potential V{x) has two minima xq at 

-V'{x) = = x-x^ = x{\-x^) 
The local maximum .jcq = is unstable. 



Xo = ±\ . 



We assume that the periodic driving oc Aq is small enough, such that the 
effective potential V{x) —Aq cos{^t)x retains two minima at all times, com- 



pare Fig. 2.14 
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Transient-state dynamics 

The system will stay close to one of the two minima, x ~ ±1, for most of the time 
when both Aq and the noise strength are weak, see Fig. |2.15 This is an instance 



of 'transient state dynamics', which will be discussed in more detail in chapter 
"Elements of Cognitive System Theory". The system switches between a set of 
preferred states. 

Switching times 

An important question is then: How often does the system switch between the 
two preferred states jc ~ 1 and x ~ — 1 ? There are two time scales present: 

• In the absence of external driving, Aq = 0, the transitions are noise driven 
and irregular, with the average switching time given by the Kramer's life- 



time Tk = l/rK, see Fig. 2.15 The system is translational invariant with 



respect to time and the ensemble averaged expectation value 

< x{t) > = 
vanishes therefore in the absence of an external forcing. 

When Aq ^ the external forcing induces a reference time and a non zero 
response x, 

< x{t) > = X cos{Q.t - ^) , (2.61) 

which follows the time evolution of the driving potential with a certain 



phase shift (|), see Fig. |2.16 

Resonance condition 

When the time scale 2Tk = Ijr^ to switch forth and back due to the stochastic 



process equals the period 27r/n we expect a large response x, see Fig. 2.16 The 

time- scale matching condition 

271 _ 2 



depends on the noise-level Q, via Eq. (2.59), for the Kramer's escape rate r/f. 



The response x first increases with rising Q and then becomes smaller again, for 



otherwise constant parameters, see Fig. 2.16 Therefore the name 'stochastic res- 
onance' . 

Stochastic resonance and the ice ages 

The average temperature T^ of the earth differs by about ATg ^ 10°C in between 
a typical ice age and the interglacial periods. Both states of the climate are locally 
stable. 
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Figure 2.16: The gain x, see Eq. (2.611, as a function of noise level Q. The 
strength of the driving amplitude Aq is 0.1, 0.2 and 0.3 (bottom/middle/top 



curve), see Eq. (2.60) and period 27i/n = 100. The response x is very small 
for vanishing noise Q = 0, when the system performs only small-amplitude os- 
cillations in one of the local minima. 



• Ice age 

The large ice covering increases the albedo of the earth and a larger part of 
sunlight is reflected back to space. The earth remains cool. 

• Interglacial period 

The ice covering is small and a larger portion of the sunlight is absorbed by 
the oceans and land, the earth remains warm. 

A parameter of the orbit of planet earth, the eccentricity, varies slightly with a 
period T = 2n/Q. ^ 10^ years. The intensity of the incoming radiation from the 
sun therefore varies with the same period. The long-term climate changes can 



therefore be modeled by a driven two-state system, i.e. by Eq. (2.60). The driving 
force, viz the variation of the energy flux the earth receives from the sun, is how- 
ever very small. The increase in the amount of incident sunlight is too weak to 
pull the earth out of an ice age into an interglacial period or vice versa. Random 
climatic fluctuation, like variations in the strength of the gulf stream, are needed to 
finish the job. The alternation of ice ages with interglacial periods may therefore 
be modeled as a stochastic resonance phenomenon. 

Neural networks and stochastic resonance 

Neurons are driven bistable devices operating in a noisy environment. It is there- 
fore not surprising, that stochastic resonance may play a role for certain neural- 
network setups with undercritical driving. 
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Exercises 

LORENZ MODEL 

Perform the stability analysis of the fixpoint (0,0,0) and of 

for the Lorenz model ( |2.19| ) with r,b > 0. Discuss the difference between the dissi- 



pative case and the ergodic case a = —\—b, see Eq. (2.21 1 
POINCARE MAP 



For the Lorenz model (2. 19 1 with a = 10 and P = 8/3, evaluate numerically the 
Poincare map for (a) r = 22 (regular regime) and the plane z = 21 and (b) r = 28 
(chaotic regime) and the plane z = 27. 

Hausdorff dimension 

Calculate the Hausdorff dimension of a straight line and of the Cantor set, which 
is generated by removing consecutively the middle- 1/3 segment of a line having a 
given initial length. 

Driven harmonic oscillator 

Solve the driven, damped harmonic oscillator 

jc + yi + (s)lx = £cos((Of) 

in the long-time limit. Discuss the behavior close to the resonance CO -^ COq. 

Information flow in networks 

Consider a not-to-big social network of your choice and examine numerically the 



flow of information, Eq. (2.39 1, through the network. Set the weight matrix Wij 
identical to the adjacency matrix A,y, with entries being either unity or zero. Evaluate 
the steady-state distribution of information and plot the result as a function of vertex 
degrees. 

Stochastic resonance 



Solve the driven double well problem Eq. (2.60) numerically and try to reproduce 



Figs. 2.15 and 2.16 



Further readings 

For further studies we refer to introductory texts for dynamical system theory (Ka- 
tok & Hasselblatt, 1995), classical dynamical systems (Goldstein, 2002), chaos 
(Schuster & Just, 2005; Devaney, 1989; Gutzwiller, 1990, Strogatz, 1994) and 
stochastic systems (Ross, 1982; Lasota & Mackey, 1994). Other textbooks on 
complex and/or adaptive systems are Schuster (2001) and Boccara (2003). For 
an alternative approach to complex system theory via Brownian agents consult 
Schweitzer (2003). 
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The interested reader might want to study some selected subjects further in 
depth, such as the KAM theorem (Ott, 2002), relaxation oscillators (Wang, 1999), 
the stochastic resonance (Benzit, Sutera, Vulpiani, 1981; Gammaitoni et al, 
1998), Levy flights (Metzler & Klafter, 2000), the connection of Levy flights to 
the patterns of wandering albatrosses (Viswanathan et al, 1996), human traveling 
(Brockmann, Hufnagel & Geisel, 2006) and diffusion of information in networks 
(Eriksen et al, 2003). 

A look into the original literature is very insightful, like the seminal works of 
Einstein (1905) and Langevin (1908) on Brownian motion or the first formulation 
and study of the Lorenz (1963) model. 
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Chapter 3 

Random Boolean Networks 



Preface 

Complex system theory deals with dynamical systems containing a very large 
number of variables. The resulting dynamical behavior can be arbitrary complex 
and sophisticated. It is therefore important to have well controlled benchmarks, 
dynamical systems which can be investigated and understood in a controlled way 
for large numbers of variables. 

Networks of interacting binary variables, boolean networks, constitute such 
canonical complex dynamical systems. They allow to formulate and to investigate 
important concepts like phase transition in the resulting dynamical state. They are 
also recognized to be the starting points for the modeling of gene-expression and 
protein-regulation networks, the fundamental networks at the basis of all living. 

3.1 Introduction 

Boolean networks 

In this chapter, we describe the dynamics of a set of A^ binary variables. 

Boolean variables 

A boolean or binary variable has two possible values, typically and 
1. 

The actual values chosen for the binary variable are irrelevant, ±1 is an alternative 
popular choice. These elements interact with each other according to some given 
interaction rules denoted coupling functions. 

Boolean coupling functions 
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Figure 3.1: Illustration of a boolean network with N = 4 sites. ai{t + 1) is 
determined by 02{t), OT,{t) and 04{t) (K = 3). The controlling elements of 02 
are Oi and Oj, {K = 2). The connectivity of 03 and 0415 K = I. 

A boolean function {0, 1 }*■ -^ {0,1} maps K boolean variables 
onto a single one. 

The dynamics of the system is considered to be discrete, f = 0, 1 , 2, The value 

of the variables at the next time step are determined by the choice of boolean 
coupling functions. 

Boolean network 

The set of boolean coupling functions interconnecting the A'^ boolean 
variables can be represented graphically by a directed network, the 
boolean network. 



In Fig. 3.1 a small boolean network is illustrated. Boolean networks seem at first 
sight quite esoteric, devoid of practical significance for real-world phenomena. 
Why are they then studied so intensively? 

Cell differentiation in terms of stable attractors 

The field of boolean networks got the first big boost by the seminal study of 
Kauffman in the late 60ies. Kauffman casted the problem of gene expression in 
terms of a gene-regulation network and introduced the so-called A'^-^ model in this 
context. All cells of an animal contain the same genes and cell differentiation, i.e. 
the fact that a skin cell differs from a muscle cell, is due to differences in the 
gene activities in the respective cells. Kauffman proposed, that different stable 
attractors, viz cycles, in his random boolean gene-expression network correspond 
to different cells in the body of animals. 

The notion is then, that cell types correspond to different dynamical states of 
a complex system, the gene expression network, viz that gene regulation networks 
are the underpinnings of life. This proposal by Kauffman has received strong 
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K=2 K=4 




K=6 



Figure 3.2: Illustration of translational invariant linkages for a completely or- 
dered one-dimensional lattice with connectivities K = 2, 4, 6. 



support from experimental studies in the last years. In section 3.5.2 we the case 
of the yeast cell-devision cycle. 

Boolean networks are everywhere 

Kauffman's original work on gene expression networks was soon generalized to a 
wide spectrum of applications, such as, to give a few examples, the modeling of 
neural networks by random boolean networks and of the 'punctuated equilibrium' 
in long-term evolution, a concept that we will dicuss in the chapter on "Statistical 
modeling of Darwinian evolution". 

Dynamical system theory (compare the chapter on "Chaos, Bifurcations and 
Diffusion ") deals with dynamical systems containing a relatively small number of 
variables. General dynamical systems with large numbers of variables are very 
difficult to analyze and to control. Random boolean networks can hence be con- 
sidered, in a certain sense, of prototypical importance in this field, as they provide 
well defined classes of dynamical systems for which the thermodynamical limit 
/^ ^ oo can be taken. They show chaotic as well as regular behavior, despite their 
apparent simplicity, and many other typical phenomena of dynamical systems. 
In the thermodynamic limit there can be phase transitions between chaotic and 
regular regimes. These are the issues studied in this chapter. 

N-K networks 

There are several types of random boolean networks. The most simple realization 
is the A^-^ model. It is made up of A^ boolean variables, each variable interact- 
ing exactly with K other randomly chosen variables. The respective coupling 
functions are also chosen randomly from the set of all possible boolean functions 
mapping K boolean inputs onto one boolean output. 

There is no known realization of N — K models in nature. All real physical or 
biological problems have very specific couplings determined by the structure and 
the physical and biological interactions of the system considered. The topology of 
the couplings is however often very complex and, in many instances, completely 
unknown. It is then often a good starting point to model the real- world system by 
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a generic model, like the N — K model. 

Binary variables 

Modeling real-world systems by a collection of interacting binary variables is 
often a simplification, as real-world variables are often continuous. For the case 
of the gene-expression network, one just keeps two possible states for every single 
gene: active or inactive. 

Thresholds, viz parameter regimes at which the dynamical behavior changes 
qualitatively, are wide-spread in biological systems. Examples are neurons which 
fire or do not fire depending on the total strength of presynaptic activity. Similar 
thresholds occur in metabolic networks in the form of activation potentials for 
the involved chemical reactions. Modeling real-world systems based on threshold 
dynamics with binary variables is then a viable first step towards an understanding. 

3.2 Random variables and networks 

3.2.1 Boolean variables and graph topologies 

Variables 

We denote with 

{oi, 02, ..., o^}, o,- G {0,1}, i=l,2,...,N 

the A^ binary variables. 

Time dependence 

Time is assumed to be discrete, 

Oi = 0/(0, ^ - 1, 2, ... . 

The value of a given boolean element a,- at the next time step is determined by the 
values of ^ controlling variables. 

Controlling elements 

The controlling elements <3ji{i), ^j2(0' " " "' ^JK-ii) °^ ^ boolean vari- 
able a, determine its time evolution by 

(5,{t+l) = /;-(o;,(,-)(f),a^2(,-)(0,-,o^-^.(/)(0). (3.1) 

Here /, is a boolean function associated with o,. The set of controlling elements 



might include O/ itself. Some exemplary boolean functions are given in Table 3.1 
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State space 

We denote with E, the state of the system at time t, 

E, = {oi(0,O2(0,---,a^W}- 



(3.2) 



Ej can be thought-of as a vector pointing to one of the Q = 2^ edges of a N- 
dimensional hypercube, where Q is the number of possible configurations. For 
numerical implementations and simulations it is useful to consider E; as the binary 
representation of an integer number < Ej < 2^. 

Table 3.1: Examples of boolean functions of three arguments. 

(a) A particular random function. 

(b) A canalizing function of the first argument. When G\ = 0, then the function- 
value is 1. If 01 = 1, then the output can be either or 1. 

(c) An additive function. The output is 1 (active) if at least two inputs are active. 

(d) The generalized XOR, which is true when the number of 1-bits is odd. 
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Model definition 

For a complete definition of the model we then need to specify several parameters: 

• The connectivity 

The first step is to select the connectivity Kt of each element, i.e. the number 
of its controlling elements. With 



A^ 



w = ttI^, 



A^ 



1=1 



the average connectivity is defined. Here we will consider mostly the 
case in which the connectivity is the same for all the nodes: Ki = K, i — 



1,2,...,A^. 
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• The linkages 



The second step is to select the specific set of controlling elements |o^ 
Oj^l^i), ..., CJ;^.(()} on which the element o,- depends. See Fig. 
illustration. 



3.1 



i(0' 
for an 



• The evolution rule 

The third step is to choose the boolean function /, determining the value of 
Oi{t + l) from the values of the linkages {o^j (,)(?), Oj2(/)(0' ■■■'^jK{i)(^)}- 

Geometry of the network 

The way the linkages are assigned determines the topology of the network and 
networks can have highly diverse topologies, see the chapter on "Graph Theory 
and Small-World Networks" . It is custom to consider two special cases: 

Lattice assignment 

The boolean variables o, are assigned to the nodes of a regular lat- 
tice. The K controlling elements {oyj(,), CTj2(,), • • •, ^JK{i)} ^^ then 



chosen in a regular, translational-invariant manner, see Fig. 3.2 for an 
illustration. 

Uniform assignment 

In an uniform assignment the set of controlling elements are randomly 
drawn from all A^ sites of the network. This is the case for the N — K 
model, also called "Kaujfman net" . In terms of graph theory one 
speaks also of a 'Erdos-Renyi' random graph. 

All intermediate cases are possible. Small-world networks, to give an example, 
with regular short-distance links and random long-distance links are popular mod- 
els in network theory, as discussed extensively in the chapter on "Graph Theory 
and Small- World Networks ". 

3.2.2 Coupling functions 

Number of coupling functions 

The coupling function 

has 2^ different arguments. To each argument- value one can assign either or 1. 
Thus there are a total of 

A^^ = li^") ^ 2^" ^ \ \6 K = 2 (3.3) 
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possible coupling functions. In Table 3.1 we present several examples for the case 
^ = 3, out of the 2^ = 256 distinct ^ = 3 boolean functions. 

Types of coupling ensembles 

There are a range of different possible choices for the probability distribution of 
coupling functions. Here some examples: 

• Uniform distribution 

Introduced originally by Kauffman, the uniform distribution specifies all 
possible coupling functions to occur with the same probability 1 /Nf. 

• Magnetization biasFl 

The probability of a coupling function to occur is proportional to p if the 
outcome is and proportional to 1 — p if the outcome is 1. 

• Forcing functions 

Also called 'canalizing functions'. The function-value is determined when 
one of its arguments, say niE { 1 , . . . , ^}, is given a specific value, say o„j = 



(compare Table 3.1 ). The function-value is not specified if the forcing 



argument has the other value, here when o^ = 1. 

• Additive functions 

In order to simulate the additive properties of inter-neural synaptic activities 
one can choose 

N 
0,{t + \) = 0(/,(O), Mt) = h+Y.c,jOj{t), c,;G{0,l}, 

where &{x) is the Heaviside step function and h a bias. The value of o,(? + 
1) depends only on a weighted sum of its controlling elements at time t. 

Classification of coupling functions 

For small number of connectivity K one can completely classify all possible cou- 
pling functions: 

• ^ = 

There are just two constant functions, / = 1 and / = 0. 



'Magnetic moments have often only two possible directions (up- or down in the language of 
spin- 1/2 particles). A compound is hence magnetic when more moments point into one of the two 
possible directions, viz if the two directions are populated unequally. 



84 



Random Boolean Networks 




1 



Class Jl 








Class 'B 
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K= 1 

Apart from the two constant functions, which 

one may denote together by A, there are the 

identity 1 and the negation -lO, which one 

can lump together into a class "S. 

K = 2 

There are four classes of functions /(oi,02), with each class being in- 
variant under the interchange ^^ 1 in either arguments or value of /: A 
(constant functions), (Si (fully canalizing functions for which one of the 
arguments determines the output deterministically), (82 (normal canalizing 
functions), C (non canalizing functions, sometimes also denoted 'reversible 



functions'). Compare Table 3.2 



3.2.3 Dynamics 

Model realizations 

A given set of linkages and boolean functions {/■} defines what one calls a "real- 



ization " of the model. The dynamics then follows from Eq. ( 3 . 1 1 . For the updating 
of all elements during one time step one has several choices: 

• Synchronous update 

All variables a/(?) are updated simultaneously. 

• Serial update (or asynchroneous update) 

Only one variable is updated at every step. This variable may be picked at 
random or by some predefined ordering scheme. 

The choice of updating does not affect thermodynamic properties, like the phase 



diagram discussed in section 3.3.2 The occurrence and the properties of cycles 



and attractors, as discussed in section 3.4[ depends however crucially on the form 
of updating. 



Table 3.2: All 16 boolean functions for K = 2. For the definition of the various 



classes see Page 84 and Aldana, Coppersmith and Kadanoff (2003). 
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Selection of the model realization 

There are several alternatives on how to chose the model realization during nu- 
merical simulations. 

• Quenched modelrl 

One specific realization of coupling functions is selected at the beginning 
and kept throughout all time. 

• Annealed model ^ 

A new realization is randomly selected after each time step. Then either 
the hnkages or the coupling functions or both change with every update, 
depending on the choice of the algorithm. 

• Genetic algorithm 

If the networks is thought to approach a predefined goal, one may employ 
a genetic algorithm in which the system slowly modifies its realization with 
time passing. 

Real- world systems are normally modeled by quenched systems with synchronous 
updating. All interactions are then fixed for all times. 

Cycles and attractors 

Boolean dynamics correspond to a trajectory within a finite state space of size 
Q. = 2^ . Any trajectory generated by a dynamical system with un-mutable dy- 
namical update rules, as for the quenched model, will eventually lead to a cyclical 
behavior. No trajectory can generate more than Q. distinct states in a row. Once a 
state is revisited, 

L, = Lt^T: T<Q, 

part of the original trajectory is retraced and cyclic behavior follows. The resulting 
cycle acts as an attractor for a set of initial conditions. 

Cycles of length one are fixpoint attractors. The fixpoint condition Oi{t + 
1) = Oi{t) (i = 1, . . . ,A^) is independent of the updating rules, viz synchronous vs. 
asynchronous. The order of updating the individual o, is irrelevant when none of 
them changes. 

An example 



In Fig. 3.3 a network with N = 3 and ^ = 2 is fully defined. The time evolution 



^ An alloy made up of two or more substances is said to be 'quenched' when it is cooled so 
quickly that it remains stuck in a specific atomic configuration which does not change anymore 
with time. 

^ A compound is said to be 'annealed' when it was kept long enough at elevated temperatures 
such that the thermodynamic stable configuration was achieved. 
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Figure 3.3: A boolean network with N = 3 sites and connectivities Ki 
Left: Definition of the network linkage and coupling functions. 
Right: The complete network dynamics (from Luque & Sole, 2000). 



;2. 



of the 2-^ = 8 states Ef is given for synchronous updating. One can observe one 
cycle of length two and two cycles of length one (fixpoints). 

3.3 Dynamics of boolean networks 

3.3.1 Flow of information through the network 

Response to changes 

For random models the value of any given variable o,, or its change with time, 
is, per se, meaningless. Of fundamental importance is however, for quenched 
models, its response to changes. We may either change the initial conditions, or 
some specific coupling function, and examine its effect on the time evolution of 
the variable considered. 

Robustness 

Biological systems need to be robust. A gene -regulation network, to give an ex- 
ample, for which even small damages result routinely in the death of the cell, will 
be at an evolutionary disadvantage with respect to a more robust gene expres- 
sion set-up. Here we will examine the sensitivity of the dynamics with regard to 
the initial conditions. A system is robust if two similar initial conditions lead to 
similar long-time behavior. 

Hamming distance and divergence of orbits 

We consider two different initial states. 



Eo = {oi(0), 02(0),..., 0^(0)}, Eo = {ai(0),d2(0),...,6;v(0)}. 
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Typically we are interested in the case that Eq and Eq are close, viz that they differ 
in the values of only a few elements. A suitable measure for the distance is the 
'Hamming distance' D{t) G [0,A^], 



N 2 

D{t) = £(a,(0-aKO) , (3.4) 



which is just the sum of elements which differ in Eq and Eq. As an example we 
consider 

El = {1,0,0,1}, E2 = {0,1,1,0}, E3 = {1,0,1,1}. 

We have 4 for the Hamming distance E1-E2 and 1 for the Hamming distance Ei- 
E3. If the system is robust, two close-by initial conditions will never move far 
apart, with time passing, in terms of the Hamming distance. 

Normalized overlap 

The normalized overlap a{t) E [0, 1] between two configurations is defined as 

N 

E 

1=1 
^ |E<'KOa/W, (3.5) 

where we have assumed the absence of any magnetization bias, namely 

1^9 1 1 



a{t) = 1-^ = l-if(a2(0-2a,-(0a.(0+o?(^; 



^L^' "^ 2 "^ N^^' ' 



in the last step. The normalized overlap Eq. (3.5 1 is then like a normalized scalar- 
product between E and E. Two arbitrary states have, on the average, a Hamming 
distance of N/2 and a normalized overlap a= I —D/N of 1/2. 

Information loss/retention for long times 

The difference between two initial states E and E can be interpreted also as an 
information for the system. One has than two possible behaviors: 

• Loss of information: \imt^ooa{t) -^ 1 

a(t) -^ 1 implies that two states are identical, or that they differ only by a 
finite number of elements, in the thermodynamic limit. This can happen 
when two states are attracted by the same cycle. All information about the 
starting states is lost. 
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• Information retention: \imt^o^a{t) = a* < I 

The system "remembers" that the two configurations were initially different, 
with the difference measured by the respective Hamming distance. 

The system is very robust when information is routinely lost. Robustness depends 
on the value of a* when information is kept. If a* > then two trajectories retain 
a certain similarity for all time scales. 

Percolation of information for short times 

Above we considered how information present in initial states evolves for very 
long times. Alternatively one may ask, and this a typical question within dynami- 
cal system theory, how information is processed for short times. We write 

D{t) ^ D(0)e^', (3.6) 

where < D{0) <t^ N is the initial Hamming distance and where X is called the 
'Lyapunov exponent', which we discussed in somewhat more detail in the chapter 
"Chaos, Bifurcations and Diffusion" . 

The question is then, whether two initially close trajectories, also called 'or- 
bits' within dynamical system theory, do converge or diverge initially. One may 
generally distinguish between three different types of behaviors or phases: 

• Chaotic phase: X> 

The Hamming distance grows exponentially, information is transfered to an 
exponential large number of elements. Two initially close orbits become 
soon very different. This behavior is found for large connectivities K and is 
not suitable for real- world biological systems. 

• Frozen phase: X<0 

Two close trajectories typically converge, as they are attracted by the same 
attractor. This behavior arises for small connectivities K. The system is 
locally robust. 

• Critical phase: X = 

The Hamming distance depends then algebraically on time, D{t) °^ t'^. 

All three phases can be found in the N — K model when N ^ oo. We will now 
study the N — K model and determine its phase diagram. 
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Figure 3.4: Illustration of time evolution of the overlap between two states Zj and 
Ef, The vertices (given by the squares) can have values or 1. Vertices with the 
same value in both states Z, and Z, are highlighted by a gray background. The 
values of vertices at the next-time step, f + 1 , can only differ if the corresponding 
arguments are different. Therefore, the vertex with gray background at time 
f + 1 must be identical in both states. The vertex with striped background can 
have different values in both states at time, f + 1, with a probability 2p{l — p), 
where p/{l — p) are the probabilities of having vertices with 0/1 respectively. 



3.3.2 Mean-field phase diagram 



Mean-field theory 

We consider two initial states 



^0, 



2:0, 



D{0) 



N 

E 

7=1 



Or 



We remember that the Hamming distance D{t) measures the number of elements 
differing in Ef and E^. 

For the N — K model, every boolean coupling function /, is as likely to occur 
and every variable is, on the average, a controlling element for K other variables. 
The variables differing in E^ and E? therefore affect on the average KD{t) coupling 



functions, see Fig 3.4 for an illustration. Every coupling function changes with 



probability 1/2 its value, in the absence of a magnetization bias. The number of 
elements different in E^+i and E^+i , viz the Hamming distance D(t + 1) will then 
be 



D(t+\: 



K 



■Dit) 



D(t) 



f^\ D(0) = D(0)e''"(^/2) (3 7) 



The connectivity K then determines the phase of the N — K network: 

• Ctiaotic K>2 

Two initially close orbits diverge, the number of different elements, i.e. the 
relative Hamming distance grows exponentially with time t. 

• Frozen (K < 2) 

The two orbits approach each other exponentially. All initial information 
contained D{0) is lost. 
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• Critical (K,. = 2) 

The evolution of E^ relative to E^ is driven by fluctuations. The power- 
laws typical for critical regimes cannot be deduced within mean-field theory, 
which discards fluctuations. 

The mean-field theory takes only average quantities into account. The evolution 
law D{t + 1) = {K/2)D{t) holds only on the average. Fluctuations, viz the devi- 
ation of the evolution from the mean-field prediction, are however of importance 
only close to a phase transition, i.e. close to the critical point K = 2. 

The mean-field approximation works generally well for lattice physical sys- 
tems in high spatial dimensions and fails in low dimensions, compare the chapter 
on "Chaos, Bifurcations and Dijfusion". The Kauffman network has no dimen- 
sion per se, but the connectivity K plays an analogous role. 

Phase transitions in dynamical systems and the brain 

The notion of a 'phase transition' comes originally from physics, where it de- 
notes the transition between two or more different physical phases, like ice, water 
and gas, see the chapter on "Chaos, Bifurcations and Diffusion ", which are well 
characterized by their respective order parameters. 

The term phase transition therefore denotes classically a transition between 
two stationary states. The phase transition discussed here involves the characteri- 
zation of the overall behavior of a dynamical system. They are well defined phase 
transitions in the sense that I — a* plays the role of an order parameter, its value 
uniquely characterizes the frozen and the chaotic phase in the thermodynamic 
limit. 

An interesting, completely open and unresolved question is then, whether 
dynamical phase transitions play a role in the most complex dynamical system 
known, the mammalian brain. It is tempting to speculate that the phenomena of 
consciousness could result from a dynamical state characterized by a yet unknown 
order parameter. Would this be true, then this phenomena would be 'emergent' 
in the strict physical sense, as order parameters are rigorously defined only in the 
thermodynamic limit. 

Let us stress however, that these considerations are very speculative at this 
point. In the chapter on "Elements of Cognitive System Theory " we will discuss 
a somewhat more down-to-earth approach to cognitive system theory in general 
and to aspects of the brain dynamics in particular. 

3.3.3 Bifurcation phase diagram 

In deriving equation ( |3.7| ) we have assumed that the coupling functions // of the 
system acquire the values and 1 with the same probability p = 1/2. We gener- 
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Figure 3.5: Solution of the self-consistency condition a* = 1 — [l — («*)^] /Kc, 

see Eq. ( [311] ). 

Left: Graphical solution equating both sides. 

Right: Numerical result for a* for K^ = 3. The fixpoint a* = I becomes unstable 

for K>Kc = 3. 



alize this approach and consider the case of a magnetic bias in which the coupling 

functions are 

0, with probability p 

1 , with probability I — p 

For a given value of the bias p and connectivity K, there are critical values 



A 



Kc{p), 



PciK) 



such that for K <Kc{K> Kc) system is in the frozen phase (chaotic phase). When 
we consider a fixed connectivity and vary p, then Pc{K) separates the system into 
a chaotic and a frozen phase. 

Time evolution of the overlap 

We note that the overlap a{t) = 1 — D{t)/N between two states E^ and £/ at time 
t is the probability that two vertices have the same value both in E? and in %. 
The probability that all arguments of the function /, will be the same for both 
configurations is then 

9k = Ht)]" . (3.8) 



As illustrated by Fig. 3.4 the values at the next time step differ with a probabil- 
ity 2p(l — p), only if the arguments of the coupling functions are non-different. 
Together with the probability that at least one controlling element has different 
values in E? and %, 1 — p^:, that gives the probability, (1 — pA-)2p(l — p), for 
values being different in the next- time step. We have then 

1 - [a(0]^ 



a{t+\) = \-{\-9k)2p{\-p) = 1 



Kr 



(3.9) 
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where Kc is given in terms of p as 
K.. 



,1.2 



2p{i-py 

The fixpoint a* of Eq. ( |3.9| ) obeys 



± 



1 1 
4^2K 



1 - [a*f 



Kr 



(3.10) 



(3.11) 



This self-consistency condition for the normalized overlap can be solved graphi- 



cally or numerically by simple iterations, see Fig. 3.5 

Stability analysis 

The trivial fixpoint 

a* = 1 



constitutes always a solution of Eq. ( |3.11| ). We examine its stability under the 
time-evolution Eq. (3.9) by considering a small deviation from hat > from the 
fixpoint solution, a — a* —hat'. 



1 — 5a/+i = 1 



l-[l-5a,]^ 



Kr 



hat 



+1 



Kdat 

~Kr 



(3.12) 



The trivial fixpoint a* = \ therefore becomes unstable for K/Kc > 1, viz when 

K>K,= {2p{l-p))-\ 

Bifurcation 

Eq. ( |3.11| ) has two solutions for K > Kc, a stable fixpoint a* < \ and the unstable 



solution a* = \. One speaks of a bifurcation, which is shown in Fig. 3.5 We note 
that 



K, 



p=l/2 



in agreement with our previous mean-field result (3.7 ) and that 



lim a* 



lim I 1 



\-[a 



*lK 



Kr 



1 



1 
Yr 



l-2p{l-p) 



since a* < 1 for K > Kc, compare Fig. 3.5 Notice that a* = 1/2 for p = 1/2 
corresponds to the average normalized overlap for two completely unrelated states 
in the absence of a magnetization bias, p = 1/2. Two initial similar states then 
become completely uncorrected fort^°° in the limit of infinite connectivity K. 

Rigidity of the Kauffman net 

We can connect the results for the phase diagram of the N — K network illustrated 



in Fig. 3.6 with our discussion on robustness, see section 3.3.1 
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Figure 3.6: Phase diagram for the N-K model. The curve separating the chaotic 
from the ordered (frozen) phase is Kc = [2p{l —p)]^^. The insets are simulations 
for N = 50 networks with .^ = 3 and p = 0.60 (chaotic phase), p = 0.79 (on the 
critical line) and p = 0.90 (frozen phase). The site-index runs horizontal, the 
time vertical. Notice the fluctuations for p = 0.79 (from Luque & Sole, 2000). 

• Chaotic phase: K > Kc 

The infinite-time normalized overlap a* is less than one even when two tra- 
jectories T-t and E^ started out very close to each other, a* remains however 
always above the value expected for two completely unrelated states. This is 
so as the two orbits enter consecutively two different attractors, after which 
the Hamming distance remains constant, modulo small-scale fluctuations 
which do not contribute in the thermodynamic limit N ^ oo, 

• Frozen phase: K < Kc 

The infinite time overlap a* is exactly one. All trajectories approach essen- 
tially the same configuration independently of the starting point, apart from 
fluctuations which vanish in the thermodynamic limit. The system is said to 
order. 



Lattice vs. random networks 

The complete loss of information in the ordered phase observed for the Kauffman 
net does not occur for lattice networks, for which a* < I for any ^ > 0. This 
behavior of lattice systems is born-out by the results of numerical simulations 
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Figure 3.7: Normalized Hamming distance D{t)/N for a Kauffman net (left) 
and a square lattice (right) with N = 10000 variables, connectivity K = A and 
D(0) = 100, viz D{0)/N = 0.01. 

Left: (top) Frozen phase (p = 0.05), critical (pc c^ 0. 1464) and chaotic (p = 0.4), 
plotted with a logarithmic scale, (bottom) Hamming distance for the critical 
phase (p = Pc) but in a non-logarithmic graph. 

Right: Frozen phase (p = 0.1), critical (pc ~ 0.27) and chaotic (p = 0.4), plot- 
ted with a logarithmic scale. Note that a* = lim,^oo(l —D{t)/N) < 1 in the 



frozen state of the lattice system, compare Fig. 3.5 (from Aldana, Coppersmith 
& Kadanoff, 2003). 



presented in Fig. 3.7 The finite-range of the linkages in lattice systems allows 
them to store information about the initial data in spatially finite proportions of 
the system, specific to the initial state. For the Kauffman graph every region 
of the network is equally close to any other and local storage of information is 
impossible. 

Percolation transition in lattice networks 

For lattice boolean networks the frozen and chaotic phases cannot be distin- 
guished examining the value of the long-term normalized overlap a* , as it is al- 
ways smaller than unity. The lattice topology allows however for a connection 
with percolation theory. One considers a finite system, e.g. a 100 x 100 square 
lattice, and two states Eo and Eq which differ only along one edge. If the damage, 
viz the difference in between E; and % spreads for long times to the opposite edge, 
then the system is said to be percolating and in the chaotic phase. If the damage 
never reaches the opposite edge then the system is in the frozen phase. Numeri- 
cal simulations indicate, e.g. a critical Pc — 0.298 for the two dimensional square 
lattice with connectivity K = A, compare Fig. 3.7 

Numerical simulations 

The results of the mean-field solution for the Kauffman net are confirmed by nu- 
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merical solutions of finite-size networks. In Fig. 3.7 the normalized Hamming 
distance, D{t)/N, is plotted for both Kauffman graphs and a two-dimensional 
squared lattice, both containing A'^ — 10000 elements and connectivity K = 4. 

For both cases results are shown for parameters corresponding to the frozen 
and to the chaotic phase, in addition to a parameter close to the critical line. Note, 
that I —a* = D{t)/N ^ in the frozen phase for the random Kauffman network, 
but not for the lattice system. 

3.3.4 Scale-free boolean networks 

Scale-free connectivity distributions 

Scale free connectivity distributions 

^\i) K=l 

abound in real-world networks, as discussed in the chapter on "Graph Theory and 
Small-World Networks" . Here P{K) denotes the probability to draw a coupling 



function /•(■) having Z arguments. The distribution Eq. (3.13 1 is normalizable for 
y> 1. 

The average connectivity (K) is 



if 1<Y<2 
{K)= l^KP{K) = { ^^^ , (3.14) 



K=l I ^<oo if y>2 



where ^(y) is the Riemann Zeta function. 

Annealed approximation 

We consider again two states E, and Ef and the normalized overlap 

a{t) = l-D{t)/N , 
which is identical to the probability that two vertices in E and E have the same 



value. In section 3.3.3 we derived, for a magnetisation bias p, 

a{t+l) = l-[\-p„)2p{l-p) (3.15) 

for the time-evolution oia{t), where 

oo 

9k = [a{t)f ^ £ [a{t)fnK) (3.16) 

K=l 
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is the average probability that the ^=1,2,... controlling elements of the coupling 



function /,() are all identical. InEq. (3.16) we have generalized Eq. (3.8) to anon- 
constant connectivity distribution P{K) . We then find 



ait + \) = l-2p{l-p)\\-Y^a''it)PiK) 



F{a) 



(3.17) 



K=l 



compare Eq. ( 3.9[ ). Effectively we have used here an annealed model, due to the 
statistical averaging in Eq. ( |3.16 ). 

Fixpoints within the annealed approximation 



In the limit t ^ °°, Eq. (3.17 1 becomes the self-consistency equation 



F(a*) 



for the fixpoint a*, where F{a) is defined as the right-hand-side of Eq. (3.17) 



Again, a* = 1 is always a fixpoint of Eq. (3.17 ), since Y.kP{K) = 1 per definition. 



Stability of the trivial fixpoint 

We repeat the stability analysis of the trivial fixpoint a* = 1 of section 3.3.3 and 
assume a small deviation 6a > from a*: 

a* —da = F{a* — da) = F{a*) —F'{a*)da, 6a = F'{a*)da. 

The fixpoint a* becomes unstable if F'{a*) > 1. We find for a* = 1 

dF(a) 



1 



lim 



da 



2p{\-p)Y,KP{K) 



k=\ 



2p{l-p){K). 



(3.18) 



For lim^^i- dF{a)/da < 1 the fixpoint a* = 1 is stable, otherwise it is unstable. 
The phase transition is then given by 

2p{\-p){K) = 1. (3.19) 

For the classical N — K model all elements have the same connectivity, Kj — (K) — 



K, and Eq. ^19} reduces to ( jlJl] ). 

Frozen and chaotic phases for the scale-free model 

For 1 < y < 2 the average connectivity is infinite, see Eq. {3.14). F'{1) =2p{\ — 



p){K) is then always larger than unity and a* = 1 unstable, as illustrated in Fig. 



X8} Eq. ( |3.17[ ) has then a stable fixpoint a* 7^ 1, the system is in the chaotic phase 
forall;7e]0,l[. 
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Figure 3.8: Phase diagram for a scale-free boolean network with connectivity 
distribution oc K^y. The average connectivity diverges for y < 2 and the network 
is chaotic for all p (from Aldana and Cluzel, 2003). 



For Y > 2 the first moment of the connectivity distribution P{K) is finite and 
the phase diagram is identical to that of the N — K model shown in Fig. |3.6[ with K 
replaced by ^(y^ — 1)/^(Yc)- The phase diagram in y-p space is presented in Fig. 



3.8 One finds that jc G [2,2.5] for any value of p. There is no chaotic scale-free 
network for Y > 2.5. It is interesting to note, that Y G [2,3] for many real-world 
scale-free networks. 



3.4 Cycles and attractors 

3.4.1 Quenched boolean dynamics 

Self-retracing orbits 

We consider from now on quenched systems for which the coupling functions 
//(a,j, ..,0/^5-) are fixed for all times. Any orbit eventually retraces itself partly, 
since the state space ^ = 2^ is finite. The long-term trajectory is therefore cyclic. 



Attractors 

An attractor Aq of a discrete dynamical system is a region {Ef} C 
Q. in phase space which maps completely onto itself under the time 
evolution, A;+i =At =Ao. 
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Attractors are typically cycles 



see Figs. 3.3 and 3.9 for some examples. Fixed points are cycles of length one. 



Attraction basin 

The attraction basin B of an attractor Aq is the set {E/} C ^ for which 
there is a T < oo such that Zj EAq. 

The probability to end up in a given cycle is directly proportional, for randomly 
drawn initial conditions, to the size of its basin of attraction. The 3-site network 



illustrated in Figs. 3.3 is dominated by the fixpoint {1,1,1}, which is reached with 
probability 5/8 for random initial starting states. 

Attractors are everywhere 

Attractors and fixpoints are generic features of dynamical systems and very impor- 
tant for their characterization, as they dominate the time evolution in state space 
within their respective basins of attraction. Random boolean networks allow for 
very detailed studies of the structure of attractors and of the connection to net- 
work topology. Of special interest is in this context how various properties of the 
attractors, like cycle length and the size of the attractor basins, relate to the ther- 
modynamic differences between the frozen and the chaotic phase. These are the 
issues we will dicuss now. 

Linkage loops, ancestors and descendents 

Every variable o, can appear as an argument in the coupling functions for other 
elements, it is said to act as a controlling element. The collections of all such 
linkages can be represented graphically by a directed graph, as illustrated in the 
Figs. 3.1[ 3.3 and 3.9, with the vertices representing the individual binary vari- 



ables. Any given element o,- can then influence a large number of different states 
during the continued time evolution. 

Ancestors and Descendants 

The elements a vertex affects consecutively via the coupling func- 
tions are called its descendents. Going backwards in time one find 
ancestors for each element. 



In the 20-site network illustrated in Fig. |3.9| the descendents of On are On, O12 
and O14. 

When an element is its own descendent (and ancestor) it is said to be part of a 
'linkage loop' . Different linkage loops can overlap, as it is the case for the linkage 
loops 

Oi ^ 02 ^ 03 ^ 04 ^ Oi , Oi ^ 02 ^ 03 ^ 0{ 



3.4 Cycles and attractors 



99 




Oy ^- 


0,7 


CT2 — 


O2 


O3 ^- 


Oi 


O4 ^- 


OlS 


<55 ^- 


OlS 


06 ^- 


Oi 


CT7 ^- 


On 


as — 


Ols 


CT9 — 


Oi., 


Ow-^- 


Oj5 


Oii^- 


Oil 


<3l2-^ 


Oil 


Ob^- 


OI6 


Ol4^ 


On 


a;5 — 


07 


Om^- 


Ol9 


Oi7^- 


OI6 


OlS- 


07 


(Jig- — 


OlS 


020^- 


Oio 



06, 



Ol3^0l6 

I \ 

O9 



.03 



Oi 

t 

On , 



O7- 



Oig' CT;5 

1 

Olo — 'O20 



Ols 'O5 

\ 
Os 



02 



On- 
O12 



'Ol4 



Figure 3.9: Illustration of cycles and linkages. 

Left: Cartoon of the state space where every bold point stands for a state Ef = 

{ai,..,aAr}. The state space decomposes into distinct attractor basins for each 

cycle- or fixpoint attractor. 

Right: Linkage loops for an A^ = 20 model with ^ = 1. The controlling elements 

are listed in the center column. Each arrow points from the controlling element 

toward the direct descendent. There are three modules of uncoupled variables 

(from Aldana, Coppersmith & Kadanoff, 2003). 



shown in Fig. 3.1 Linkage loops are disjoint for ^ = 1, compare Fig. 3.9 

Modules and time evolution 

The set of ancestors and descendents determines the overall dynamical depen- 
dencies. 

Module 

The collection of all ancestors and descendents of a given element o,- 
is called the module to which a, belongs. 

If we go through all variables o,, i = l,..,N we find all modules, with every el- 
ement belonging to one and only one specific module. Otherwise stated, disjoint 
modules correspond to disjoint subgraphs, the set of all modules constitute the full 
linkage graph. The time evolution is block-diagonal in terms of modules: 0/(f) is 
independent of all variables not belonging to its own module, for all times t. 

In lattice networks the clustering coefficient (see the chapter on "Graph The- 
ory and Small-World Networks") is large and closed linkage loops occur fre- 
quently. For big lattice systems with a small mean linkage K we expect far away 
spatial regions to evolve independently, due the lack of long-range connections. 

Lattice versus Kauffman net 

For lattice systems the linkages are short ranged and whenever a given element (5j 
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acts as a controlling element for another element o, there is a high probability that 
the reverse is also true, viz that a,- is an argument of fj. 

The linkages are generally non-reciprocal for the Kauffman net, the proba- 
bility for reciprocality is just K/N and vanishes in the thermodynamic limit for 
finite K. The number of disjoint modules in a random network therefore grows 
more slowly than the system size. For lattice systems the number of modules is, 
on the other hand, proportional to the size of the system. The difference between 
lattice and Kauffman networks translate to different cycle structures, as every pe- 
riodic orbit for the full system is constructed out of the individual attractors of all 
modules present in the network considered. 

3.4.2 The K = 1 Kauffman network 

We start our discussion of the cycle structure of Kauffman nets with the case 
K — I, which can be solved exactly. The maximal length for a linkage loop Imax 
is on the average of the order of 

Ux ~ N'/^ . (3.20) 

The linkage loops determine the cycle structure together with the choice of the 
coupling ensemble. As an example we discuss the case of an /^ = 3 linkage loop. 

Three-site linkage loop with identities 

For ^ = 1 there are only two non-constant coupling functions, the identity / and 



the negation -i, see Page 83 We start by considering the case of all the coupling 



functions being the identity: 

ABC -^ CAB -^ BCA -^ ABC ^ . . . , 

where we have denoted with A, 5, C the values of the binary variables a,, z = 1 , 2, 3. 
There are two cycles of length one, in which all elements are identical. When the 
three elements are not identical, the cycle-length is three. The complete dynamics 
is then: 

000 -^ 000 100 -^ 010 -^ 001 -^ 100 

111 -^ 111 Oil -^ 101 -^ 110 -^ Oil 

Three-site linkage loop with negations 

Let us consider now the case that all three coupling functions are negations: 

ABC -^ CAB -^ BCA -^ ABC ^ ... 
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The cycle-length is two if all elements are identical 

000 -^ 111 -^ 000 

and of length six if they are not. 

100 -^ 101 ^ 001 ^ Oil ^ 010 ^ 110 ^ 100 

The complete state space Q = 2^ = 8 decomposes into two cycles, one of length 
6 and one of length 2. 

Three-site linkage loops with a constant function 

Let us see what happens if any of the coupling functions is a constant function. 
For illustration we consider the case of two constant functions and 1 and the 
identity: 

ABC -^ OAl -^ 001 -^ 001 . (3.21) 

Generally it holds that the cycle length is one if any of the coupling functions is 



identity and that there is then only a single fixpoint attractor. Eq. (3.21) holds 
for all A, 5, C G {0, 1}, the basin of attraction for 001 is therefore the whole state 
space, 001 is a global attractor. 

The Kauffman net can contain very large linkage loops for ^ = 1, see Eq. 



(3.20), but then the probability that a given linkage loop contains at least one 
constant function is also very high. The average cycle length therefore remains 
short for the ^ = 1 Kauffman net. 

3.4.3 The K = 2 Kauffman network 



The K = 2 Kauffman net is critical, as discussed in sections |3.3.1| and [3.3.2[ When 
physical systems undergo a (second-order) phase transition, right at the point of 
transition power laws are expected for many response functions, see discussion in 
the chapter on "Chaos, Bifurcations and Dijfusion" . It is therefore natural to ex- 
pect the same for critical dynamical systems, such as a random boolean network. 
This expectation was indeed born out initially by a series of mostly numerical 
investigations, which indicated that both the typical cycle lengths, as well as the 
mean number of different attractors would grow algebraically with A'^, namely like 
V^. It had therefore been tempting to relate many of the power laws seen in 
natural organisms to the behavior of critical random boolean networks. 

Undersampling of state space 

The problem to determine the number and the length of cycles is however numer- 
ically very difficult. In order to extract power laws one has to simulate systems 
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Figure 3.10: Illustration of a random walk in configuration space; The relative 
probability of closing the loop at time t, p^ = (? + 1)/^, is the probability that 
r^+i = £(/, with a certain t' G [0,f]. 



with large A'^. The state space Q. = 2^ grows however exponentially, so that an 
exhaustive enumeration of all cycles is impossible. One has therefore to resort 
to a weighted sampling of state space for any given network realization and to 
extrapolate from the small fraction of states sampled to the full state space. This 
method has yielded the v^ dependence referred-to above. 

The weighted sampling is however not without problems, it might in principle 
undersample the state space: The number of cycles found in the average state 
space might not be representative for the overall number of cycles, as there might 
be small fractions of state space with very high number of attractors, dominating 
the total number of attractors. 

This is indeed the case. One can prove rigorously that the number of attractors 
grows faster than any power for the K = 2 Kauffman net. One might still argue, 
however, that for biological applications the result for the 'average state space' is 
relevant, as biological systems are not too big anyhow. The hormone regulation 
network of mammals contains of the order of 100 elements, the gene-regulation 
network of the order of 20 000 elements. 



3.4.4 The ^ = A^ Kauffman network 

Mean-field theory holds for the fully connected network K = N and we can eval- 
uate the average number and length of cycles using probability arguments. 

Random walk through configuration space 

We consider an orbit starting from an arbitrary configuration Eq at time t = 0. 
The time evolution generates a series of states 

^0, ^1, ^2, ••• 

through the configuration space of size Q. = 2^ . We consider all Ej to be uncor- 
related, viz we consider a random walk. This assumption holds due to the large 
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connectivity K = N. 

Closing the random walk 

The walk through configuration space continues until we hit a point previously 
visited, see Fig. |3.10 We define by 



• qt'. the probability that the trajectory remains unclosed after t steps, 

• pt'. the probability of terminating the excursion exactly at time t. 

If the trajectory is still open at time t, we have already visited t + \ different sites 
(including the sites Eq and E/). Therefore, there are t + I ways of terminating 
the walk at the next time step. The relative probability of termination is then 
Pt = {t + 1)/^ and the overall probability p^^i to terminate the random walk at 
time f + 1 is 

Pt+i = ptqt = —^% ■ 

The probability of having still an open trajectory after t -\-\ steps is 

The phase space Q. = 2^ diverges in the thermodynamic limit N ^ ^ and the 
approximation 

q^ = flfl_i\ ^ fie /^ ^ e-^''"" = e-^^^+^^Z^^^) (3.22) 

becomes exact in this limit. For large times t we have t{t-\- 1)/(2^) ^ r^/(2^) in 



Eq. ( |3.22| ). The probabihty 

for the random walk to close at all is unity. 

Cycle-length distribution 

The probability {Nc{L)) that the system contains a cycle of length L is 

, , „ qt-L^ exp[-L2/(2J^)l 

{Nc{L)) = ^- = ^^ ^^^ '^ , (3.23) 



where we used Eq. (3.22). (■ • •) denotes an ensemble average over realizations. In 



deriving Eq. ( |3.23| ) we have used the following considerations: 
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(i) The probability that Ht+i is identical to Eq is l/Q.. 

(ii) There are Q. possible starting points (factor Q.). 

(iii) Factor 1/L corrects for the over-counting of cycles when considering the L 
possible starting sites of the L-cycle. 

Average number of cycles 

We are interested in the mean number Nc of cycles, 

Nc = £(A^c(^)) ^ / dL{Nc{L)). (3.24) 

L=i JL=i 



When going from the sum X^^ to the integral / JL in Eq. ( 3.24 ) we have neglected 
terms of order unity. We find 

„2 



Nc = I dL 



exp[-LV(2^)] 
1 L 




J1/V2Q. u 


^ ln(^ 


/la), 



where we rescaled the variable by m = L/v2^. For the separation f^//2Q. ~ 
fy^jQ. "*" -/c° ^^ ^^^ integral we have used above c = 1 for simplicity, any other 
finite value for c would do also the job. 

The second integral, I2, does not diverge as ^ — * 00. For /i we have 

1 / 2 1 4 
du- [l — u + -u +. . . 

\/s/20. u\ 2 

(3.25) 

since all further terms oc /, / /^n'^"""^ < °° for n = 2,4, . . . and Q — > 0°. The 
average number of cycles is then 

Nc = In(v^) + 0(1) = ^ + 0(1) (3.26) 

for the N = K Kauffman net in thermodynamic hmit N ^ 0°. 
Mean cycle length 



1 L 

/2a 



The 


average length L of a 


random cycle 


is 




1 °° 


L{Nc{L)) ^ 


1 

N 




1 1"^ 

Nch 


dL e-^V(2fi) 


= 



/ du e""' (3.27) 

J\l\/2£l 



Nc J\/V2Q. 
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• Cell Size 
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Figure 3.11: The N = \\ core network responsible for the yeast cell cycle. 
Acronyms denote protein names, solid arrows excitatory connections and dashed 
arrows inhibitory connections. Cln3 is inactive in the resting state G\ and be- 
comes active when the cell reaches a certain size (top), initiating the cell division 
process (compare Li et al, 2004). 



after rescaling with u = L/v2Q and using Eq. (3.23). The last integral on the 



right-hand-side of Eq. (3.27) converges for ^ ^ oo and the mean cycle-length L 
scales consequently like 

L ~ a^/^/N = 2^/^/N (3.28) 



for the K = N Kauffman net, when using Eq. (3.24 ), Nc ~ A'^ 



3.5 Applications 

3.5.1 Living at the edge of chaos 

Gene expression networks and cell differentiation 

Kauffman introduced the N — K model in the late 60ies for the purpose of mod- 
eling the dynamics and time evolution of networks of interacting genes, the gene 
expression network. In this model an active gene might influence the expression 
of any other gene, e.g. when the protein transcripted from the first gene influences 
the expression of the second gene. 

The gene expression network of real-world cells is not random. The web of 
linkages and connectivities among the genes in a living organism is however very 
intricate, and to model the gene-gene interactions as randomly linked is a good 
zero-th order approximation. One might then expect to gain a generic insight into 
the properties of gene expression networks, insights which are independent of the 
particular set of linkages and connectivities realized in any particular living cell. 
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Dynamical cell differentiation 

Whether random or not, the gene expression network needs to result in a stable 
dynamics in order for the cell to keep functioning. Humans have only a few 
hundreds of different cell types in their bodies. Considering the fact that every 
single cell contains the identical complete genetic material, Kauffman proposed 
in 1969, a revolutionary suggestion at that time, that every cell type corresponds to 
a distinct dynamical state of the gene expression network. It is natural to assume 
that these states correspond to attractors, viz in general to cycles. The average 
length L of a cycle in a A'^ — ^ Kauffman net is 



in the chaotic phase, e.g. for N = K where a = 1/2, see Eq. (3.28), The mean 
cycle length L is exponentially large, consider that A^ ^ 20000 for the human 
genome. A single cell would take the universe's lifetime to complete a single 
cycle, an unlikely setting. It then follows, that gene expression networks of living 
organisms cannot be operational in the chaotic phase. 

Living at the edge of chaos 

If the gene expression network cannot operate in the chaotic phase there are but 
two possibilities left: the frozen phase or the critical point. The average cycle 



length is short in the frozen phase, see section 3.4.2 and the dynamics stable. The 
system is consequently very resistant to damages of the linkages. 

But what about Darwinian evolution? Is too much stability good for the adapt- 
ability of cells in a changing environment? Kauffman suggested that gene expres- 
sion networks operate "at the edge of chaos", an expression which entered folk- 
lore by now. By this he meant that networks close to criticality could benefit from 
the stability properties of the close-by frozen phase and exhibit, at the same time, 
enough sensitivity to changes in the network structure so that Darwinian adaption 
remains possible. 

But how could a system reach criticality by itself? For the N — K network, 
there is no extended critical phase, only a single critical point K = 2. In the 
chapter on "Cellular automata and self organized criticality" we will discuss 
mechanisms which allow certain adaptive systems to evolve their own internal 
parameters autonomously in such a way that they approach the critical point. This 
phenomenon is called 'self-organized criticality'. 

One could then assume, that Darwinian evolution trims the gene expression 
networks towards criticality: Cells in the chaotic phase are unstable and die, cells 
deep in the frozen phase cannot adapt to environmental changes and are selected 
out in the course of time. 
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Figure 3.12: The yeast cell cycle as an attractor trajectory of the gene expression 
network. Shown are the 1764 states (green dots, out of the 2^' = 2048 states 
in phase space D.) making-up the basin of attraction of the biological stable Gi 
state (at the bottom). After starting with the excited Gi normal state (first state in 



biological pathway represented by blue arrows), compare Fig. 3.1 1 the boolean 
dynamics runs through the know intermediate states (blue arrows) until the Gi 
states attractor is again reached, representing the two daughter cells (from Li et 
al, 2004). 



3.5.2 The yeast cell cycle 

The cell division process 

Cells have two tasks, to survive and to multiply. When a living cell grows too 
big, a cell division process starts. The cell cycle has been studied intensively for 
the budding yeast. In the course of the division process the cell goes through a 
distinct set of states 



Gi 



G2 



M 



with Gi being the 'ground state' in physics slang, viz the normal cell state and the 
chromosome division takes place during the M phase. These states are character- 
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ized by distinct gene activities, i.e. by the kinds of proteins active in the cell. All 
eukaryote cells have similar cell division cycles. 

The yeast gene expression network 

From the ~ 800 genes involved only 11 — 13 core genes are actually regulating 
the part of the gene expression network responsible for the division process, all 
other genes are more or less just descendents of the core genes. The cell dynamics 
contains certain checkpoints, where the cell division process could be stopped if 
something went wrong. When eliminating the checkpoints a core network with 



only 1 1 elements remains. This network is shown in Fig. 3.1 1 

Boolean dynamics 

The full dynamical dependencies are not yet known for the yeast gene expression 
network. The simplest model is to assume 

^ \ f 1 if ai(t) > / N v / \ /o or>x 

0.(0 = |o if a-it)<0 ' «KO=i;w„aXO, (3.29) 

i.e. a boolean dynamics for the binary variables o,(?) = 0, 1 representing the acti- 
vation/deactivation of protein i, with couplings w,j = ±1 for an excitatory /inhibitory 
functional relation. 

Fixpoints 

The 11 -site network has 7 attractors, all cycles of length one, viz fixpoints. The 
dominating fixpoint has an attractor basin of 1764 states, representing about 72% 
of the state space ^ = 2^^ = 2048. Remarkable, the protein activation pattern 
of the dominant fixpoint corresponds exactly to that of the experimentally deter- 
mined Gi ground state of the living yeast cell. 

The cell division cycle 

In the Gi ground state the protein Cln3 is inactive. When the cell reaches a certain 
size it becomes expressed, i.e. it becomes active. For the network model one then 
just starts the dynamics by setting 

Oa«3 ^1, at t = 

in the Gi state. The simple boolean dynamics which then follows, induced by Eq. 
(3.29), is depicted in Fig. |3.12 



The remarkable result is, that the system follows an attractor pathway which 
runs through all experimentally known intermediate cell states, reaching the 
ground state Gi in 12 steps. 

Comparison with random networks 



The properties of the boolean network depicted in Fig. 3.11 can be compared with 
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Figure 3.13: Illustration of ensemble (a) and time (b) encoding. 

Left: All receptor-neurons corresponding to the same class of input signals are 

combined, as it happens in the nose for different odors. 

Right: The primary input signals are mixed together by a random neural network 

close to criticality and the relative weights are time-encoded by the output signal. 

those of a random boolean network. A random network of the same size and 
average connectivity would have more attractors with correspondingly smaller 
basins of attraction. Living cells clearly need a robust protein network to survive 
in harsh environments. 

Nevertheless, the yeast protein network shows more or less the same suscep- 
tibility to damage as a random network. The core yeast protein network has an 
average connectivity of (K) = 27/1 1 ~ 2.46. The core network has only A'^ = 1 1 
sites, a number far too small to allow comparison with the properties of N — K net- 
works in the thermodynamic limit N ^ o°. Nevertheless, an average connectivity 
of 2.46 is remarkably close to ^ = 2, the critical connectivity forN — K networks. 

Life as an adaptive network 

Living beings are complex and adaptive dynamical systems, a subject we will fur- 
ther dwell-on in the chapter "Statistical modeling of Darwinian evolution". The 
here discussed preliminary results on the yeast gene expression network indicate 
that this statement is not just an abstract notion. Adaptive regulative networks 
constitute the core of all living. 

3.5.3 Application to neural networks 



Time encoding by random neural networks 

There is some debate in neuroscience whether, and to which extend, time encod- 
ing is used in neural processing. 
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• Ensemble encoding 

Ensemble encoding is present when the activity of a sensory input is trans- 
mitted via the firing of certain ensembles of neuron. Every sensory input, 
e.g. every different smell sensed by the nose, has its respective neural en- 
semble. 

• Time encoding 

Time encoding is present if the same neurons transmit more than one sen- 
sory information by changing their respective firing patterns. 

Cyclic attractors in a dynamical ensemble are an obvious tool to generate time 
encoded information. For random boolean networks as well as for random neural 
networks appropriate initial conditions, corresponding to certain activity patterns 
of the primary sensory organs, will settle into a cycle, as we discussed in sec- 
tion |3.4[ The random network may then be used to encode initial firing patterns 



by the time sequence of neural activities resulting from the firing patterns of the 



corresponding limiting cycle, see Fig. 3.13 

Critical sensory processing 

The processing of incoming information is qualitatively different in the various 



phases of the N — K model, as discussed in section 3.3.1 

The chaotic phase is unsuitable for information processing, any input results 
in an unbounded response and saturation. The response in the frozen phase is 
strictly proportional to the input and therefore well behaved, but also relatively 
uninteresting. The critical state, on the other hand, has the possibility of nonlinear 
signal amplification. 

Sensory organs in animals can routinely process physical stimuli, such as light, 
sound, pressure or odorant concentrations, which vary by many orders of magni- 
tude in intensity. The primary sensory cells, e.g. the light receptors in the retina, 
have however a linear sensibility to the intensity of the incident light, with a rela- 
tively small dynamical range. It is therefore conceivable that the huge dynamical 
range of sensory information processing of animals is a collective effect, as it oc- 
curs in a random neural network close to criticality. This mechanism, which is 
plausible from the view of possible genetic encoding mechanisms, is illustrated in 
Fig.[XT4l 
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Figure 3.14: The primary response of sensory receptors can be enhanced by 
many orders of magnitude using the non-linear amplification properties of a ran- 
dom neural network close to criticality. 



Exercises 



K 



N-- 



1 Kauffman net 

Analyze some K = I Kauffman nets with N = 3 and a cyclic linkage tree: 0\ 

/i(cf2), C)2 = /aCos), C)3 = /3(C)i). Consider: 

(i) fi=f2 = h = identity, 

(ii) f\=fi = h = negation and 

(iii) /i = /2 = negation, /3 = identity. 

Construct all cycles and their attraction basin. 

4 Kauffman net 



Consider a A'^ = 4 graph illustrated in Fig. 3.1 Assume all coupling functions to be 
generalized XOR-functions (1/0 if the number of input- I's is odd/even). Find all 
cycles. 

Synchronous vs. asynchronous updating 



Consider the dynamics of the three-site network illustrated in Fig. 3.3 under sequen- 
tial asynchronous updating. At every time step update first ai then 02 and then 03. 
Determine the full network dynamics, find all cycles and fixpoints and compare with 



the results for synchronous updating shown in Fig. 3.3 

HUEPE AND ALDANA NETWORK 

Solve the boolean neural network with uniform coupling functions and noise, 

Sign (^ J^ 1 a,v {t ) ) with probabihty 1 - rj , 

-Sign(l^J^ia,v(f)) with probability rj. 
via mean-field theory, where a, = it 1 , by considering the order parameter 



Oi{t + \] 



^F 



lim — 



\s{t)\dt, s{t) = lim -Yoiit). 



See Huepe and Aldana-Gonzalez (2002) and additional hints in the solutions section. 
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Bond Percolation 

Consider a finite LxL two dimensional square lattice. Write a code which generates 
a graph by adding with probability p G [0, 1] nearest-neighbor edges. Try to develop 
an algorithm searching for a non-interrupted path of bonds from one edge to the 
opposite edge, you might consult web resources. Try to determine the critical pc, 
for p > Pc, a percolating path should be present with probability one for very large 
systems L. 



Further readings 

The interested reader might want to take a look at Kauffman's (1969) seminal 
work on random boolean networks, or to study his book (Kauffman, 1993). For 
a review on boolean networks please consult Aldana, Coppersmith and Kadanoff 
(2003). 

Examples of additional applications of boolean network theory regard the 
modeling of neural networks (Wang, Pichler & Ross, 1990) and of evolution 
(Bornholdt & Sneppen, 1998). Some further interesting original literature regards 
the connection of Kauffman nets with percolation theory (Lam, 1988), as well as 
the exact solution of the Kauffman net with connectivity one (Flyvbjerg & Kjaer, 
1988), numerical studies of the Kauffman net (Flyvbjerg, 1989; Kauffman, 1969 
& 1990; BastoUa & Parisi, 1998) as well as the modeling of the yeast reproduction 
cycle by boolean networks (Li et ah, 2004). 

Some of the new developments concern the stability of the Kauffman net 
(Bilke & Sjunnesson, 2001) and the number of attractors (Samuelsson & Troein, 
2003) and applications to time encoding by the cyclic attractors (Huerta & Rabi- 
novich, 2004) and nonlinear signal amplification close to criticality (Kinouchi & 
Copelli, 2006). 
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Chapter 4 

Cellular Automata and 
Self-Organized Criticality 

Preface 

The notion of 'phase transition' is a key concept in the theory of complex sys- 
tems. We have encountered an important class of phase transitions in the chapter 
on "Random Boolean Networks ", viz transitions in the overall dynamical state in- 
duced by changing the average connectivity in networks of randomly interacting 
boolean variables. 

The concept of phase transition originates from physics. At its basis lies the 
'Landau theory of phase transition' which we will discuss in this chapter. Right 
at the point of transition between one phase and another, systems behave in a very 
special fashion, they are said to be 'critical' . Criticality is reached normally when 
tuning an external parameter, such as the temperature for many physical phase 
transitions or the average connectivity for the case of random boolean networks. 

The central question discussed in this chapter is whether 'self-organized criti- 
cality' is possible in complex adaptive systems, i.e. whether a system can adapt its 
own parameters in a way to move towards criticality on its own, as a consequence 
of a suitable adaptive dynamics. The possibility of self-organized criticality is 
a very intriguing outlook. We have discussed in this context in the chapter on 
"Random Boolean Networks" the notion of 'life at the edge of chaos', viz the hy- 
pothesis that the dynamical state of living beings could be close to self-organized 
criticality. 

We will introduce and discuss 'cellular automata' in this chapter, an important 
and popular class of standardized dynamical systems. Cellular automata allow 
a very intuitive construction of models, such as the famous 'sand-pile model', 
showing the phenomenum of self-organized criticality. This chapter then con- 
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eludes with a diseussion of whether self-organized criticality occurs in the most 
adaptive dynamical system of all, namely in the context of long-term evolution. 

4.1 Landau theory of phase transitions 

Second-order phase transitions 

Phase transitions occur in many physical systems when the number of compo- 
nents diverges, viz 'macroscopic' systems. Every phase has characteristic prop- 
erties. The key property, which distinguishes one phase from another is denoted 
'order parameter' . Mathematically one can classify the type of ordering according 
to the symmetry the ordering breaks. 

Order parameter 

In a continuous or 'second-order' phase transition the high-temperature 
phase has a higher symmetry than the low-temperature phase and the 
degree of symmetry-breaking can be characterized by an order pa- 
rameter {|). 

Note, that all matter is disordered at high enough temperatures and ordered phases 
occur at low to moderate temperatures in physical systems. 

Ferromagnetism in iron 

The classical example for a phase transition is that of a magnet like iron. Above 
the Curie temperature of Tc = 1043°K the elementary magnets are disordered, see 



Fig. 4.1 for an illustration. They fluctuate strongly and point in random directions. 
The net magnetic moment vanishes. Below the Curie temperature the moments 
point on the average into a certain direction creating such a macroscopic magnetic 
field. Since magnetic fields are generated by circulating currents and since an 
electric current depends on time one speaks of a breaking of 'time-reversal sym- 
metry' in the magnetic state of a ferromagnet hke iron. Some further examples of 
order parameters characterizing phase transitions in physical systems are listed in 
Table gU 

Free energy 

A statistical mechanical system takes at zero temperature the configuration with 
the lowest energy. A physical system at finite temperatures T > does not mini- 
mize its energy but a quantity called free energy, which differs from the energy by 
a term proportional to the entropy and to the temperature^ 



'Details can be found in any book on thermodynamics and phase transitions, as in Callen 
(1985), they are however not necessary for an understanding of the following discussions. 
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transition 



type 



order parameter (|) 



superconductivity 

magnetism 

ferroelectricum 

Bose-Einstein 

liquid-gas 



second order 
mostly second order 
mostly second order 
second order 
first order 



U(l)-gauge 
magnetization 
polarization 
amplitude oik — state 
density 



Table 4.1: Examples of important types of phase transitions in physical systems. 
When the transition is continuous/discontinuous one speaks of a second/first or- 
der phase transition. Note that most order parameters are non-intuitive. E.g. the 
superconducting state, notable for its ability to carry electrical current disper- 
sionless, breaks what one calls the ?7(l)-gauge invariance of the normal (non- 
superconducting) metallic state. 



Close to the transition temperature Tc the order parameter (|) is small and one 
assumes within the Landau-Ginsburg model, that the free energy density / = F /V, 

f = /(r,(^,/i), 

can be expanded for a small order parameter (|) and a small external field h: 



f{T,<\>,h) = MT,h)-h<^ + a^^ + b^^ + ... 



(4.1) 



where the parameters a = a{T) and b = b{T) are functions of the temperature T 
and an external field h, e.g. a magnetic field for the case of magnetic systems. 
Note the linear coupling of the external field h to the order parameter in lowest 



order and that b> (stability for large (|)), compare Fig. 4.2 
Spontaneous symmetry breaking 



All odd terms ~ (|)^''+^ vanish in the expansion (4.1 1. The reason is simple. The 



expression ( 4.1[ ) is valid for all temperatures close to Tc and the disordered high- 
temperature state is invariant under the symmetry operation 



/(r,^,/i) = /(r,-(^,-/i), (^ ^ -(^, h 



-h. 



This relation must therefore hold also for the exact Landau-Ginsburg functional. 
When the temperature is lowered the order parameter (|) will acquire a finite expec- 
tation value. One speaks of a 'spontaneous' breaking of the symmetry inherent to 
the system. 

Variational approach 



The Landau-Ginsburg functional (4.1 1 expresses the value the free-energy would 
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Figure 4.1: Phase diagram of a magnet in an external magnetic field h. 
Left: The order parameter M (magnetization) as a function of temperature across 
the phase transition. The arrows illustrate typical arrangements of the local mo- 
ments. In the ordered phase there is a net magnetic moment (magnetization). For 
h = 0//j > the transition disorder-order is a sharp transition/crossover. 
Right: The T — h phase diagram. A sharp transition occurs only for vanishing 
external field h. 



have for all possible values for (|). The true physical state, which one calls the 
'thermodynamical stable state', is obtained by finding the minimal /(T, (|),/z) for 
all possible values of (|): 



5/ = (-/z + 2a(^ + 4Z7{^3)5^ = 0, 



(4.2) 



where 6/ and 6(|) denote small variations of the free energy and of the order pa- 
rameter respectively. This solution corresponds to a minimum in the free energy 
if 



5V > 0, 



5V = {2a + l2b^'^) (5(^)2. 



(4.3) 



One also says that the solution is 'locally stable', since any change in {|) from its 
optimal value would raise the free energy. 

Solutions for /z = 



We consider first the case with no external field, h = 0. The solution of Eq. (4.2) 
is then 

for a > 



^ 



±^-a/{2b) for a<Q 
The trivial solution (|) = is stable, 

(SV).=o = 2a (6(^)2, 



(4.4) 



(4.5) 
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P(^) 



h>0 



PW = (t-l)^ + (^ 



/ *■. 



^2 ,■ \ iPo 



t>l 



--' t<l 



Figure 4.2: Left: The functional dependence of the Landau-Ginzburg free energy 

f{T,i^,h)-fo{T,h) = -/j(t) + a(t)2 + Z7(|)4, with a = {t - l)/2. Plotted is free 
energy for a < and h > (dashed line) and h = (full line) and for a > 
(dotted line). 



Right: Graphical solution of Eq. (4.9 1 for a non-vanishing field h y^O: ^q is the 
order parameter in the disordered phase (t > I, dotted line), (j)!, (t)3 the stable 
solutions in the order phase (f < 1, dashed line) and <^2 the unstable solution, 
compare the left-side graphic. 



if a > 0. The nontrivial solutions (|) = ±^/—a/{2b) of (4.4) are stable, 



m 



^/o 



(4.6) 



for a < 0. Graphically this is immediately evident, see Fig. 4.2 For a > there is 
a single global minimum at (|) = 0, for a < we have two symmetric minima. 

Continuous phase transition 



We therefore find that the Ginsburg-Landau functional (4.1) describes continu 



ous phase transitions when a = a{T) changes sign at the critical temperature Tc 
Expanding a{T) for small T — Tc we have 



a{T) r^ T-Tc, a = ao(?-l), 



r/r. 



ao > 



where we have used a{Tc) = 0. For T < T^ (ordered phase) the solution (4.4) then 
takes the form 



^ 



±./|^(.-'), 



t < 1, 



T <Tc. 



(4.7) 



Simplification by rescaling 

We can always rescale the order parameter (|), the external field h and the free 
energy density / such that ao = 1/2 and b= 1/4. We then have 
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field h 




temperature T 



Figure 4.3: Left: Discontinuous pliase transition and hysteresis in the Landau- 
model. Plotted is the solution ([) = <^{h) of /j = (f — 1)(|) + (|)^ in the ordered phase 
(? < 1) when changing the field h. 

Right: The susceptibility % = d(Sf/dh for /j = (solid line) and h>Q (dotted line). 
The susceptibility divergence in the absence of an external field (/j = 0), compare 



Eq. (4.111. 



and 



4) = iv^r^, 



T/T, 



(4.8) 



for the non-trivial solution ( |4.7[ ). 
Solutions for /z 7^ 



The solutions of ( |4.2 ) are determined in rescaled form by 

h = (r-l)(^ + (^3 _ p(^)^ 



(4.9) 



see Fig. 4.2 One finds in general three solutions (|)i < (|)2 < (|)3. One can show 
(exercise) that the intermediate solution is always locally instable and that (|)3 ((|)i) 
is globally stable for /? > (/z < 0). 

First-order phase transition 

We note, see Fig. |4.2[ that the solution (|)3 for /z > remains locally stable when 
we vary slowly (adiabatically) the external field 

(/j>0) -^ {h = 0) -^ {h<0) 

in the ordered state T < T^. At a certain critical field, see Fig. |4.3[ the order 
parameter changes sign abruptly, jumping from the branch corresponding to (|)3 > 
to the branch (|)i < 0. One speaks of hysteresis, a phenomenon typical for first- 
order phase transitions. 

Susceptibility 

When the system is disordered and approaches the phase transition from above. 



4.2 Criticality in dynamical systems 
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it has an increase sensitivity towards ordering under the influence of an external 
field h. 

Susceptibility 

The susceptibility % of a system denotes its response to an external 
field: 

where the subscript T indicates that the temperature is kept constant. 
The susceptibility measures the relative amount of induced order ^ ~ 

m- 

Diverging response 



Taking the derivative with respect to the external field h in Eq. (4.9), h = [t 
1) (|) + (|)^, we find for the disordered phase T > Tc, 



1 = 



(r-l)+3(^2 



J dh' 



1{T) 



1 



h^Q 



1 



T-T, 



(4.11) 



since (|)(/z = 0) = for T > Tc. The susceptibility diverges at the phase transition 



for h = 0, see Fig. 4.3 This divergence is a typical precursor of ordering for a 
second-order phase transition. Exactly at Tc, viz at criticality, the response of the 
systeme is, striktly speaking, infinite. 

A non- vanishing external field h^O induces a finite amount of ordering (|) 7^ 
at all temperature and the phase transition is masked, compare Fig. |4T In this 
case the susceptibility is a smooth function of temperature, see Eq. ( |4.11| ) and Fig. 



4.2 Criticality in dynamical systems 

Length scales 

Any physical or complex system has normally well defined time- and space- 
scales. As an example we take a look at the Schrodinger equation for the Hy- 
drogen atom. 



ih 



where 



a^(f,r) 

dt 




H = - 

+ a/ + az2 


2m 


\r\ 
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is the Laplace operator. We do not need to know the physical significance of the 
parameters to realize that we can rewrite the differential operator H, called the 
'Hamilton operator', as 

H — —Er aQA + —— , Er= , ao 



r\ J 2H mZe^ 

The length scale ao = 0.53A/Z is called the 'Bohr radius' and the energy-scale 
Er = 13.6 eV the 'Rydberg energy', which corresponds to a frequency scale of 
Er/Pi = 3.39- 10^^ Hz. The energy-scale Er determines the ground-state en- 
ergy and the characteristic excitation energies. The length-scale gq determines 
the mean radius of the ground-state wavefunction and all other radius-dependent 
properties. 

Similar length scales can be defined for essentially all dynamical systems de- 
fined by a set of differential equations. The damped harmonic oscillator and the 
diffusion equations, e.g., are given by 

x(t)-yx(t) + (a^x(t)=0, ^V = DAp(t,r) (4.12) 

at 

The parameters l/y and 1/(0 respectively determine the time scales for relaxation 
and oscillation, D is the diffusion constant. 

Correlation function 

A suitable quantity to measure and discuss the properties of the solutions of dy- 
namical systems like the ones defined by Eq. ( |4.12 ) is the equal-time correlation 
function 5(r), which is the expectation value 

5(r) = (p(fo,^)p(?o,y)), r=\x-y\. (4.13) 

Here p{to,x) denotes the particle density, for the case of the diffusion equation 
or when considering a statistical mechanical system of interacting particles. The 
exact expression for p{to,x) depends in general on the type of dynamical system 
considered, for the Schrodinger equation p{t,x) = ^'*{t,x)^'{t,x), i.e. the proba- 
bility to find the particle at time t at the point x. 

The equal-time correlation function then measures the probability to find a 
particle at position f when there is one at y. S{r) is directly measurable in scatter- 
ing experiments and therefore a key quantity for the characterization of a physical 
system. 

Correlation length 

Of interest is the behavior of the equal-time correlation function S{r) for large 
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distances r ^ 0°. In general we have two possibilities: 

0/ N f e^'''^ non-critical ,a ^ a^ 

^W,^„ ~ |lA"-2+1 critical ■ <^-"> 

In any "normal" (non-critical) system, correlations over arbitrary large distances 
cannot be built-up, and the correlation function decays exponentially with the 
'correlation length' ^. The notation d — 2 + r\ > for the decay exponent of the 
critical system is a convention from statistical physics, where J == 1, 2, 3, .. is the 
dimensionality of the system. 

Scale-invariance and self-similarity 

If a control-parameter, often the temperature, of a physical system is tuned such 
that it sits exactly at the point of a phase transition, the system is said to be critical. 
At this point there are no characteristic length scales. 

Scale invariance 

If a measurable quantity, like the correlation function, decays like a 
power of the distance ~ ( 1/r) , with a critical exponent 6, the system 
is said to be critical or scale-invariant. 

Power laws have no scale - they are self- similar, 

S{r) = co\^—j =ci\^—j , coro=ciri, 

for arbitrary distances ro and ri . 

Universality at the critical point 

The equal-time correlation function S{r) is scale-invariant at criticality, compare 
Eq. ( |4.14 ). This is a surprising statement, since we have seen before, that the dif- 



ferential equations determining the dynamical system have well defined time and 
length scales. How then comes that the solution of a dynamical system becomes 
effectively independent of the parameters entering its governing equations? 

Scale invariance implies that fluctuations over all length scales occur, albeit 
with varying probabilities. This can be seen by observing snapshots of statistical 
mechanical simulations of simple models, compare Fig. |4.4[ The scale invariance 
of the correlation function at criticality is a central result of the theory of phase 
transitions and statistical physics. The properties of systems close to a phase 
transition are not determined by the exact values of their parameters, but by the 
structure of the governing equations and their symmetries. This circumstance 
is denoted 'universality' and consitutes one of the reasons one classifies phase 



transitions according to the symmetry of their order parameters, see Table 4.1 
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Figure 4.4: Simulation of the 2d-Ising model H = L<(,y> ^i^j^ < ';7 > nearest 
neighbors on a square lattice. Two magnetisation orientations a, = ±1 corre- 
spond to the dark/light dots. For T <Tc (left, ordered), T ^Tc (middle, critical) 
and T > Tc (right, disordered). Note the occurrence of fluctuations at all length- 
scales at criticality (self-similarity). 



Autocorrelation function 

The equal-time correlation function 5(r) measures real-space correlations. The 
corresponding quantity in time domain is the auto-correlation function 



m 



{A{t + to)A{to))-{Ay' 
(A2) - (A)2 



(4.15) 



which can be defined for any time-dependent measurable quantity A, e.g. A(t) = 
p(f,F). Note that the autocorrelations are defined relative to {A)^, viz the mean 
(time-independent) fluctuations. The denominator in Eq. ( |4.15 ) is a normalization 
convention, namely r(0) = 1 . 

In the non-critical regime, viz the diffusive regime, no long-term memory is 
present in the system and all information about the initial state is lost exponen- 
tially, 



m 



-ijx 



(4.16) 



X is called the relaxation time. The relaxation- or autocorrelation time x is the 
time scale of diffusion processes. 

Dynamical critical exponent 



The relaxation time entering Eq. ( |4.16 ) diverges at criticality, as does the real- 
space correlation length ^ entering Eq. (4.14 ). One can then define an appropriate 
exponent z, dubbed 'dynamical critical exponent' z, in order to relate the two 
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power-laws for x and ^ via 

X - ^^ for ^ = |r-r,.|-^^oo. 

The autocorrelation time is divergent in the critical state T ^Tc. 

Self-organized criticality 

We have seen, that phase transitions can be characterized by a set of exponents de- 
scribing the respective power laws of various quantities like the correlation func- 
tion or the auto-correlation function. The phase transition occurs generally at a 
single point, viz T = Tc for a thermodynamical system. At the phase transition the 
system becomes effectively independent of the details of its governing equations, 
being determined by symmetries. 

It then comes as a surprise that there should exist complex dynamical sys- 
tems which attain a critical state for a finite range of parameters. This possibility, 
denoted 'self-organized criticality' and the central subject of this chapter, is to 
some extend counter intuitive. We can regard the parameters entering the evolu- 
tion equation as given externally. Self -organized criticality then signifies that the 
system effectively adapts to changes in the external parameters, e.g. to changes in 
the given time- and length-scales, in such a way that the stationary state becomes 
independent to those changes. 

4.2.1 1// noise 

So far we have discussed the occurance of critical states in classical thermody- 
namics and statistical physics. We now ask ourselve for experimental evidence 
that criticalility might play a central role in certain time-dependent phenomena. 

1// noise 

Per Bak and coworkers have pointed out, that the ubiquitous 1// noise, well 
known from electrical engineering, should result from a self-organized phe- 
nomenum. One can postulate the noise to be generated by a continuum of weakly 
coupled damped oscillators representing the environment. 

Power spectrum of a single damped oscillator 

A system with a single relaxation time x, see Eq. ( |4.12[ ), has a Lorentzian power 
spectrum 



/•oo 1 

5(co,x) = Re / dte'""e-'l^ = Re 

io /CO - 1 



[/x l + (xa))2 ' 
For large frequencies CO ^ 1/x the power spectrum falls off like 1/co^. 
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Distribution of oscillators 

The combined power or frequency spectrum of a continuum of oscillators is de- 
termined by the distribution D(x) of relaxation times x. For a critical system 



relaxation occurs over all time scales, as discussed in the previous section 4.2 and 
we may assume a scale invariant distribution 

D(x) ^ 1 (4.17) 

for the relaxation times x. This distribution of relaxation times yields a frequency 
spectrum 



5(a)) = dxD{x)- — - — ry ~ dx 



^l-a 



1 + (xa))2 J 1 + (xa))2 

00001-«y ^ ^ 1 + (X(0)2 

For a = 1 we obtain l/co, the typical behavior of 1// noise. 



The question is then how assumption (4.17 1 can be justified. The wide-spread 
appearance of 1// noise can only happen when scale invariant distribution of 
relaxation times would be ubiquitous, viz if they would be self-organized. The 
1// noise constitutes therefore an interesting motivation for the search of possible 
mechanisms leading to self-organized criticality. 

4.3 Cellular automata 

Cellular automata are finite-state lattice systems with discrete local update rules. 

Zi ^ //fe,z,+5, • • ■), z/ e [0, 1, . . . ,n] , (4.19) 

where / + 5 denote neighboring sites of site i. Each site or "cell" of the lattice 
follows a prescribed rule evolving in discrete time steps. At each step, the new 
value for a cell depends only on the current state of itself and on the state of its 
neighbors. 

Cellular automata differ from the dynamical networks we studied in the chap- 
ter "Random Boolean Networks" in two aspects: 

(i) The update functions are all identical: /,() = /(), viz they are translational 
invariant. 

(ii) The number n of states per cell is usually larger than 2 (boolean case). 
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Cellular automata can give rise to extremely complex behavior despite their de- 
ceptively simple dynamical structure. We note that cellular automata are always 
updated synchronously and never sequentially or randomly. The state of all cells 
is updated simultaneously. 

Number of update rules 

The number of possible update rules is huge. Take, e.g. a two-dimensional model 
(square lattice), where each cell can take only one of two possible states, 

z, = 0, ('dead'), z, = l, ('alive'). 

We consider, for simplicity, rules for which the evolution of a given cell to the 
next time step depends on the current state of the cell and on the values of each of 
its 8 nearest neighbors. In this case there are 

2^ = 512 configurations, 2^^^ = 1.3 x 10^^^ possible rules , 

since any one of the 512 configuration can be mapped independently to 'live' or 
'dead'. For comparison note that the universe is only of the order of 3 x 10^^ 
seconds old. 

Totalistic update rules 

It clearly does not make sense to explore systematically the consequences of arbi- 
trary updating rules. One simplification is to consider a mean-field approximation 
which results in a subset of rules called 'totalistic'. For mean-field rules the new 
state of a cell depends only on the total number of living neighbors and on its own 
state. The eight cell neighborhood has 

9 possible total occupancy states of neighboring sites, 

2-9=18 configurations, 2^^ = 262, 144 totalistic rules . 

A large number, but exponentially smaller than the number of all possible update 
rules for the same neighborhood. 

4.3.1 Conway's game of life 

The 'game of life' takes its name because it attempts to simulate the reproductive 
cycle of a species. It is formulated on a square lattice and the update rule involves 
the eight cell neighborhood. A new offspring needs exactly three parents in its 
neighborhood. A living cell dies of loneliness if it has less than two live neighbors, 
and of overcrowding if it has more than three live neighbors. A living cell feels 
comfortable with two or three live neighbors, in this case it survives. The complete 



set of updating rules is listed in Table 4.2 
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number of 
living neighbors 
Zi(t) Zi(t+l) 12 3 4..8 






1 


X 









XXX 


X 


1 


1 


X X 









X X 


X 



Table 4.2: Updating rules for the game of life, z, = 0, 1 corresponding to empty 
and living cells. An 'x' as an entry denotes what is going to happen for the 
respective number of living neighbors. 

Living isolated sets 

The time evolution of an initial set of a cluster of living cells can show extremely 
varied types of behavior. Fixpoint of the updating rules, such as a square 

(0,0), (1,0), (0,1), (1,1)} 

of four neighboring live cells, survive unaltered. There are many configurations 
of living cells which oscillate, such as three live cells in a row or column, 

(-1,0), (0,0), (1,0)}, {(0,-1), (0,0), (0,1)} . 

It constitutes a fixpoint of /(/(.)), alternating between a vertical and a horizontal 
bar. The configuration 



(0,0), (0,1), (0,2), (1,2), (2,1) 
is dubbed 'glider', since it returns to its initial shape after four time steps but 



displaced by (—1, 1), see Fig. 4.5 It constitutes a fixpoint of /(/(/(/(.)))) times 
the translation by (—1,1). The glider continues to propagate until it encounters a 
cluster of other living cells. 

The game of life as a universal computer 

It is interesting to investigate, from an engineering point of view, all possible 
interactions between initially distinct sets of living cells in the game of life. One 
finds, in this context, that it is possible to employ gliders for the propagation of 
information over arbitrary distances. One can prove that arbitrary calculations can 
be performed by the game of life, when identifying the gliders with bits. Suitable 
and complicated initial configurations are necessary for this purpose, in addition to 
dedicated living sub-configurations performing logical computations, in analogy 
to electronic gates, when hit by one or more gliders. 
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4.3.2 Forest fire model 

The forest fires automaton is a very simplified model of real- world forest fires. It 
is formulated on a square lattice with three possible states per cell, 

z,- = 0, ('empty'), zt = h ('tree'), z, = 2, ('fire'). 

A tree sampling can grow on every empty cell with probability p < \. There is 
no need for nearby parent-trees, as sperms are carried by wind over wide dis- 
tances. Trees don't die in this model, but they catch fire from any burning nearest- 
neighbor tree. The rules are: 



Zi{t) 


Ziit+l) 


condition 


empty 


tree 


with probability p < I 


tree 


tree 


no fire close by 


tree 


fire 


at least one fire close by 


fire 


empty 


always 



The forest fire automaton differs from typical rules, such as Conway's game 
of life, having a stochastic component. In order to have an interesting dynamics 
one needs to adjust the growth rate p as a function of system size, so as to keep 
the fire continuously burning. The fires burn down the whole forest when trees 
grow too fast. When the growth rate is too low, on the other hand, the fires may 
die out completely, being surrounded by ashes. 

When adjusting the growth rate properly one reaches a steady state, the system 
having fire fronts continually sweeping through the forest, as it is observed for 
real-world forest fires and illustrated in Fig. |4^ In large systems stable spiral 
structures form and set up a steady rotation. 

Criticality and lightning 

The forest fire model, as defined above, is not critical, since the characteristic 
time scale l/p for the regrowth of trees governs the dynamics. This time scale 
translates into a characteristic length scale l/p, which can be observed in Fig. 



4~b\ via the propagation rule for the fire. 

Self-organized criticality can however be induced in the forest fire model when 
introducing an additional rule, namely that a tree might ignite spontaneously with 
a small probability /, when struck by a lightning, allowing also small patches 
of forest to burn. We will not discuss this mechanism in detail here, treating in- 
stead in the next section the occurrence of self-organized criticality in the sandpile 
model on a firm mathematical basis. 
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4.4 The sandpile model and self-organized critical- 

ity 

Self-organized criticality 

We have learned in the chapter "Random Boolean Networks " about the concept 
'life at the edge of chaos'. Namely, that certain dynamical and organizational as- 
pects of living organisms may be critical. Normal physical and dynamical systems 



however show criticality only for selected parameters, e.g. T = Tc, see section 4. 1 
For criticality to be biologically relevant, the system must evolve into a critical 
state starting from a wide range of initial states - one speaks of 'self-organized 
criticality'. 

The sandpile model 

Per Bak and coworkers introduced a simple cellular automaton which mimics the 
properties of sandpiles, the BTW-model. Every cell is characterized by a force 

Zi = zix,y) = 0, 1, 2, ... , x,y = 1, . . . ,L 

on a finite Lx L lattice. There is no one-to-one correspondence of the sandpile 
model to real- world sandpiles. Loosely speaking one may identify the force zi 
with the slope of real-world sandpiles. But this analogy is not rigorous, as the 
slope of a real-world sandpile is a continuous variable. The slopes belonging to 
two neighboring cells should therefore be similar, whereas the values of Zi and 
Zj on two neighboring cells can differ by an arbitrary amount within the sandpile 
model. 

The sand begins to topple when the slope gets too big: 

Zj ^ Zj - A, J, if Zj>K, 

where K is the threshold slope and with the toppling matrix 




Aij = ■^ —1 i,j nearest neighbors . (4.20) 

otherwise 

This update-rule is valid for the 4-cell neighborhood {(0,±1), (±1,0)}. The 
threshold K is arbitrary, a shift in K simply shifts the z,. It is custom to con- 
sider ^ = 3. Any initial random configuration will then relax into a steady- state 
final configuration (called stable state) with 

Zi = 0, 1, 2, 3, (stable-state) . 

Open boundary conditions 



The update -rule (4.20) is conserving: 
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Conserving quantities 

If there is a quantity which is not changed by the update rule it is said 
to be conserving. 

The sandpile model is locally conserving. The total height Y^jZj is constant due to 
T.j^i.j = 0- Globally though it is not conserving, as one uses open boundary con- 
ditions for which excess sand is lost at the boundary. When a site at the boundary 
topples, some sand is lost there and the total Y.jZj is reduced by one. 

However, here is only a vague relation of the BTW-model to real- world sand- 
piles. The conserving nature of the sandpile model mimics the fact that sand grains 
cannot be lost in real-world sandpiles. This interpretation contrasts however with 
the previously assumed correspondence of the zt with the slope of real-world sand- 
piles. 

Avalanches 

When starting from a random initial state with zt ^ K the system settles in a 
stable configuration when adding 'grains of sand' for a while. When a sandcorn 
is added to a site with zi = K 



Zi -^ Z/+1, Zi = K 



a toppling event is induced, which may in turn lead to a whole series of topplings. 
The resulting avalanche is characterized by its duration t and the size s of affected 



sites. It continues until a new stable configuration is reached. In Fig. 4.7 a small 
avalanche is shown. 

Distribution of avalanches 

We define with D{s) and D{t) the distributions of the size and of the duration of 
avalanches. One finds that they are scale free, 

D{s) ~ 5""% D{t) ~ r""' , (4.21) 



as we will discuss in the next section. Eq. ( 4.21| ) expresses the essence of self 



organized criticality. We expect these scale-free relations to be valid for a wide 
range of cellular automata with conserving dynamics, independent of the special 
values of the parameters entering the respective update functions. Numerical sim- 
ulations and analytic approximations yield for d = 2 dimensions 

5 3 

a, ^ -, at ^ -. 



Conserving dynamics and self-organized criticality 

We note that the toppling events of an avalanche are (locally) conserving. Avalanches 
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of arbitrary large sizes must therefore occur, as sand can be lost only at the bound- 



ary of the system. One can indeed prove that Eqs. (4.21 1 are valid only for locally 
conserving models. Self-organized criticality breaks down as soon as there is a 
small but non-vanishing probability to loose sand somewhere inside the system. 

Features of the critical state 

The empty board, when all cells are initially empty, Zi = 0, is not critical. The 
system remains in the frozen phase when adding sand, compare the chapter on 
"Random Boolean Networks", as long as most z, < K. Adding one sand com 
after the other the critical state is slowly approached. There is no way to avoid the 
critical state. 

Once the critical state is achieved the system remains critical. This critical 
state is paradoxically also the point at which the system is dynamically most un- 
stable. It has an unlimited susceptibility to an external driving (adding a sand- 



corn), using the terminology of section 4.1 as a single added sandcorn can trip 
avalanches of arbitrary size. 

It needs to be noted that the dynamics of the sandpile model is deterministic, 
once the sandcorn has been added, and that the disparate fluctuations in terms 
of induced avalanches are features of the critical state per se and not due to any 
hidden stochasticity, as discussed in the chapter on "Chaos, Bifurcations and Dif- 
fusion", or due to any hidden deterministic chaos. 



4.5 Random branching theory 

Branching theory deals with the growth of networks via branching. Networks 
generated by branching processes are loopless, they typically arise in theories of 
evolutionary processes. Avalanches have an intrinsic relation to branching pro- 
cesses: At every time step the avalanche can either continue or stop. 

Branching in sandpiles 

A typical update during an avalanche is of the form 



time 0: 


Zi - 


^z^-4 


Zj- 


-^Zj + l 


time 1: 


Zi- 


-^Zi + l 


Zj- 


-Zj-^, 



when two neighboring cells i and j have initially zi = K-\-\ and Zj = K. This 
implies that an avalanche typically intersects with itself. Consider however a gen- 
eral J-dimensional lattice with K = 2d—\. The self-interaction of the avalanche 
becomes unimportant in the limit 1 / J ^ and the avalanche can be mapped rig- 
orously to a random branching process. Note, that we encountered an analogous 
situation in the context of high-dimensional or random graphs, discussed in the 
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chapter "Graph Theory and Small-World Networks", which are also loopless in 
the thermodynamic limit. 

Binary random branching 

In J ^ oo the notion of neighbors looses meaning, avalanches then have no spatial 
structure. Every toppling event affects 2d neighbors, on a J-dimensional hyper- 
cubic lattice. However, only the cumulative probability of toppling of the affected 
cells is relevant, due to the absence of geometric constraints in the limit d ^ °°. 
All what is important then is the question whether an avalanche continues, in- 
creasing its size continously or whether it stops. 

We can therefore consider the case of binary branching, viz that a toppling 
event creates two new active sites. 

Binary branching 

An active site of an avalanche topples with the probability p and cre- 
ates 2 new active sites. 

For p < 1/2 the number of new active sites decreases on the average and the 
avalanche dies out. pc = 1/2 is the critical state with (on the average) conserving 



dynamics. See Fig. 4.8 for some examples of branchings processes. 



Distribution of avalanche sizes 

The properties of avalanches are determined by the probability distribution, 

oo 

P„{s,p), £P„(5,p) = l, 

.v=l 

describing the probability to find an avalanche of size 5 in a branching process of 



order n. Here s is the (odd) number of sites inside the avalanche, see Figs. 4.8 and 



4.9 for some examples. 



Generating function formalism 

We have introduced in chapter "Random Boolean Networks " the generating func- 
tions for probability distribution. This formalism is very useful when one has to 
deal with independent stochastic processes, as the joint probability of two in- 
dependent stochastic processes is equivalent to the simple multiplication of the 
corresponding generating functions. 
We define via 

Ux,p) = Y,Pn{s,p)x\ Ml,p) = Y.Pn{s,p) = 1 (4.22) 

s s 

the generating functional fn{x-,p) for the probability distribution Pn{s,p). We note 

that 

1 ^'Ux.p) 



^"^^'^^ = ^ ax^ 



, n, p fixed . (4.23) 

x=0 
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Small avalanches 

For small s and large n one can evaluate the probability for small avalanches to 
occur by hand and one finds for the corresponding generating functionals: 

Pn{l,p) = l-p, Pn{3,p) = P{1 -P)\ Pn{5,p) = 2p^{l - pf , 



compare Figs.KS and 4.9 Note that P„{l,p)is the probability to find an avalanche 



of just one site. 

Recursion relation 

For generic n the recursion relation 

fn+iix,p) = x{l-p)+xpfl{x,p) (4.24) 

is valid. To see why, one considers building the branching network backwards, 
adding a site at top: 

• With the probability (1 — p) 

one adds a single- site avalanche described by the generating functional x. 

• With the probability p 

one adds a site, described by the generating functional x, which generated 
two active sites, described each by the generating functional fn{x,p). 

Self-consistency condition 

For large n and finite x the generating functionals fn{x,p) and fn+i{x,p) become 
identical, leading to the self-consistency condition 

fn{x,p) = fn+l{x,p) = X{l~p) +Xpf^{x,p) , (4.25) 

with the solution 



for the generating functional f{x,p). The normalization condition 

2p 2p 

is fulfilled for p G [0, 1/2]. For p> 1/2 the last step in above equation would not 
be correct. 
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Subcritical solution 



Expanding Eq. (4.26 1 in powers of x^ we find terms like 



1 
P 



4p{\-p) 



{x^y 



1 
p 



4p{\-p) 



ik 



2k-\ 



Comparing with the definition of the generating functional (A. 11) we note that 
s = lk-\,k^ (5+l)/2andthat 



1 



p{s,p) ~ -VM^-p) M'^-p) 

P L 



s/2 



~ e 



-s/sc{p) 



(4.27) 



where we have used the relation 



,s/2 



,ln(a-'/2) 



-s{lna)/{-2) 



and where we have defined the avalanche correlation size 

-2 



Sc{p) 



lim Sc{p) — > °° . 



ln[4p(l-p)]' 
For p < l/l the size-correlation length Sc{p) is finite and the avalanche is con- 



sequently not scale free, see section 4.2 The characteristic size of an avalanche 
Sc{p) diverges for p ^ Pc = 1/2- Note that sdp) > for p g]0, 1 [. 

Critical solution 

We now consider the critical case with 

p=l/l, Ap{\-p) = 1, 



f{x,p) 



l-v^T^ 



X 



The expansion of Vl —x^ with respect to x is 



1 n 



l-x^= l^ 

k=0 



G-i)(i-2)...G-^+i) 



k\ 



in Eq. (4.26 1 and therefore 
P,(k) = P{s = lk-\,p=\/l) 



iG-i)Q-2)-(i-^+i) 

k\ 



{-If 



This expression is still unhandy. We are however only interested in the asymptotic 
behavior for large avalanche sizes s. For this purpose we consider the recursive 

relation 

l/l-k \-\/{lk) 



Pc{k+V 



k+l 



'-{-l)Pc{k) 



l + l/k 



-Pc{k) 
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in the limit of large k = {s+l)/2, where 1/(1 + \/k) ^ 1 - l/k, 

Pcik+l) ^ [l-l/(2fc)] [i-1A]PcW ~ [l-3/{2k)'^Pcik) 

This asymptotic relation leads to 

Pc-{k+l)-P,{k) ^ -3 
1 
with the solution 

P,.{k) ~ k-y\ 



2k 



Pc{k), 



dPcjk) 
dk 



2k 



D{s) = P,{s) ~ s 



-3/2 



a. 



Pcik) 

_ 3 

" 2' 



(4.28) 



for large k, s, since s = 2k—l. 

Distribution of relaxation times 

The distribution of the duration n of avalanches can be evaluated in a similar 
fashion. For this purpose one considers the probability distribution function 

Qn{0,p) 



for an avalanche of duration n to have o cells at the boundary, see Fig. 4.9 



One can then derive a recursion relation analogous to Eq. (4.24 1 for the corre- 
sponding generating functional and solve it self-consistently. We leave this as an 
exercise for the reader. 

The distribution of avalanche durations is then given by considering Q„ = 
Qn{o = Q,p= 1/2), i.e. the probability that the avalanche stops after n steps. One 
finds 



-2 



at 



(4.29) 



Qn ~ ^-^ D{t) ~ r^ 

Tuned or self-organized criticality? 

The random branching model discussed in this section had only one free pa- 
rameter, the probability p. This model is critical only for p ^ Pc = 1/2, giving 
rise to the impression, that one has to fine-tune the parameters in order to obtain 
criticality, just like in ordinary phase transitions. 

This is however not the case. As an example we could generalize the sandpile 
model to continuous forces zt G [0, oo] and to the update-rules 



Zi 



Zi 



^'7' 



if 



z^>K 



and 



^'j 



K i = j 

-cK/A ij 

il-c)K/S iJ 




nearest neighbors 
next-nearest neighbors 
otherwise 



(4.30) 
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for a square-lattice with 4 nearest neighbors and 8 next-nearest neighbors (Man- 
hattan distance). The update-rules are conserving, 

£a,-, = 0, Vce[0,l]. 

j 

For c = 1 it corresponds to the continuous-field generalization of the BTW-model. 



The model defined by Eqs. (4.30), which has not been studied in literature yet, 
might be expected to map in the limit d ^ °°iodM appropriate random branching 
model with p = Pc = 1/2 and to be critical for all values of the parameters K and 
c, due to its conserving dynamics. 



4.6 Application to long-term evolution 

An application of the techniques developed in this chapter can be used to study a 
model for the evolution of species proposed by Bak and Sneppen. 

Fitness landscapes 

Evolution deals with the adaption of species and their fitness relative to the ecosys- 
tem they are living in. 

Fitness landscapes 

The function which determines the chances of survival of a species, 
its fitness, is called the fitness landscape. 



In Fig. 4.10| a simple fitness landscape, in which there is only one dimension in 



the genotype (or phenotype^^ space, is illustrated. 

The population will spend most of its time in a local fitness maximum, when- 
ever the mutation rate is low with respect to the selection rate, since there are 



fitness barriers, see Fig. 4.10 between adjacent local fitness maxima. Mutations 
are random processes and the evolution from one local fitness maximum to the 
next can then happen only through a stochastic escape, a process we discussed in 
the chapter "Chaos, Bifurcations and Diffusion" . 

Coevolution 

It is important to keep in mind for the following discussion, that an ecosystem, 
and with it the respective fitness landscapes, is not static on long time scales. The 
ecosystem is the result of the combined action of geophysical factors, such as the 
average rainfall and temperature, and biological influences, viz the properties and 



^The term 'genotype' denotes the ensemble of genes. The actual form of an organism, the 
'phenotype' is determined by the genotype plus environmental factors, like food supply during 
growth. 
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actions of the other constituting species. The evolutionary progress of one species 
will therefore trigger in general adaption processes in other species appertaining 
to the same ecosystem, a process denoted 'coevolution' . 

Evolutionary time scales 

In the model of Bak and Sneppen there are no explicit fitness landscapes like the 



one illustrated in Fig. 4.10 Instead the model attempts to mimic the effects of 
fitness landscapes, viz the influence of all the other species making-up the ecosys- 
tem, by a single number, the 'fitness barrier'. The time needed for a stochastic es- 
cape from one local fitness optimum increases exponentially with barrier height. 
We may therefore assume, that the average time t it takes to mutate across a fitness 
barrier of height B scales as 

t = toe^l'^ , (4.31) 

where tQ and T are constants. The value of ^o merely sets the time scale, and is not 
important. The parameter T depends on the mutation rate, and the assumption that 
mutation is low implies that T is small compared with the typical barrier heights 
B in the landscape. In this case the time scales t for crossing slightly different 
barriers are distributed over many orders of magnitude and only the lowest barrier 
is relevant. 

The Bak and Sneppen model 

The Bak and Sneppen model is a phenomenological model for the evolution of 
barrier heights. The number A'^ of species is fixed and each species has a respective 
barrier 

5/ = 5,(0 e [0,1], ? = 0,1,2,... 

for its further evolution. The initial 5,(0) are drawn randomly from [0, 1]. The 
model then consists of the repetition of two steps: 



(1) The times for a stochastic escape are exponentially distributed, see Eq. ( |4.31 1. 



It is therefore reasonable to assume, that the species with the lowest barrier 
Bi mutates and escapes first. After escaping, it will adapt quickly to a new 
local fitness maximum. At this point it will then have a new barrier for 
mutation, which is assumed to be uniformly distributed in [0, 1]. 

(2) The fitness function for a species / is given by the ecological environment it 
lives in, which is made-up of all the other species. When any given species 
mutates it therefore influences the fitness landscape for a certain number of 
other species. Within the Bak and Sneppen model this translates into as- 
signing new random barriers Bj for ^ — 1 neighbors of the mutating species 
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The Bak and Sneppen model therefore tries to capture two essential ingredients 
of long-term evolution: The exponential distribution of successful mutations and 
the interaction of species via the change of the overall ecosystem, when one con- 
stituting species evolves. 

Random neighbor model 

The topology of the interaction between species in the Bak-Sneppen model is 
unclear. It might be chosen two-dimensional, if the species are thought to live ge- 
ographically separated, or one-dimensional in a toy-model. In reality the topology 
is complex and can be assumed to be, in first approximation, random, resulting in 
the soluble random-neighbor model. 

Evolution of barrier distribution 

Let us discuss qualitatively the redistribution of barrier heights under the dynam- 



ics, the sequential repetition of step (1) and (2) above, see Fig. 4.11 The initial 
barrier heights are uniformly distributed over the interval [0, 1] and the lowest bar- 
rier, removed in step (1), is small. The new heights reassigned in step (1) and (2) 
will therefore lead, on the average, to an increase of the average barrier height 
with time passing. 

With increasing average barrier height also the characteristic lowest barrier 
height raises and eventually a steady-state will be reached, just as in the sandpile 
model discussed previously. It turns out, that the characteristic value for the lowest 
barrier is about 1 /K at equilibrium in the mean-field approximation and that the 
steady state is critical. 

Molecular-field theory 

In order to solve the Bak-Sneppen model, we define the barrier distribution func- 
tion , 

p{x,t) , 

viz the probability to find a barrier of hight x E [0, 1] at time step ? = 1,2, In 

addition, we define with Q{x) the probability to find a barrier above x: 

Q{x) = f dx'pix'), 2(0) = 1, 2(1) =0. (4.32) 

Jx 

The dynamics is governed by the size of the smallest barrier. The distribution 
function pi (x) for the lowest barrier is 

pi{x) =Np{x)^-\x), (4.33) 

given by the probability p{x) for one barrier (out of the A^ barriers) to have the 
barrier-height x, while all the other A^ — 1 barriers are larger. p\ {x) is normalized, 

•1 rl a2(;,) 



/„ 



r dxpi{x) = {-N)l^ dxQ^-'{xf-^ = -Q\x) 



x=Q 



140 



Cellular Automata and Self-Organized Criticality 



where we used p{x) = -Q'{x), 2(0) = 1 and 2(1) = 0, see Eq. ( |4.32| ). 

Time evolution of barrier distribution 

The time evolution for the barrier distribution consists in taking away one (out of 
N) barriers, the lowest, via 

and by removing randomly ^ — 1 barriers from the remaining A^ — 1 barriers, and 
adding K random barriers: 



p{xj+l) = p{x,t) - -pi{x,t) 



(4.34) 



K-\ { , . 1 , A K 



We note that p{x,t-\- 1) is normalized whenever p{x,t) and pi{x,t) were normal- 
ized correctly: 



dx p{x,t + 1) 



A^ N-l \ N N 



K-l\N-l K N-K K 

^-- — r 1 -^^ + - = -^^ + - = 1 



^-1/ A^ A^ 



N N 



Stationary distribution 

After many iterations of ( 4.34| ) the barrier distribution will approach a stationary 
solution p{x,t+l) = p{x,t) = p{x), as can be observed from the numerical sim- 



ulation shown in Fig. |4.11[ The stationary distribution corresponds to the fixpoint 

condition 

, , 1 fK-\ \ , ,K-l K 

= piix)- 1 - pix) + - 

^^ ^A^ VA^-l / ^^ ^A^-1 A^ 



of Eq. (4.34). Using the expression pi = NpQ^ \ see Eq. (4.33 1, for pi{x) we 
then have 

= Np{x)Q^-\x){K-N) - p{x) {K - l)N + K{N - I) . 
Using p{x) = — ^^ we obtain 

= NiN-K)^-H^Q^-' + {K-l)N^-S^+K{N-l) 
ox ox 

= N{N-K)Q^-^dQ+ {K-l)NdQ + K{N-l)dx . 
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We can integrate this last expression with respect to x, 

= {N-K)Q^{x) + {K-l)NQ{x) +K{N-l){x-l) , 

where we took care of the boundary condition 2(1) = 0, 2(0) = 1. 
Solution in the thermodynamic limit 



(4.35) 



The polynomial Eq. (4.35) simplifies in the thermodynamic limit, with N ^ °o 
and K/N -^ 0, to 



= Q'^(x) + {K-\)Q{x)-K{l-x) 



(4.36) 



We note that Q{x) G [0, 1] and that 2(0) = 1, 2(1) = 0. There must be therefore 
some X g]0, 1 [ for which < Q{x) < 1. Then 



(f{. 



X 



0, 



e(^) 



K 



K-\ 



Eq. ( |4.37| ) remains valid as long as 2 < i,or x> Xc-: 

K 



1 



K-l 
We then have in the limit N ^ oo 



1 - Xr 



Xr 



{\-x) 



1 

K 



(4.37) 



lim Q{x) 



1 for x<l/K 

'l-x)K/{K-l) for x>l/K 



(4.38) 



compare Fig. 4.12. and, using p{x) = —dQ{x)/dx, 



N 



lim p{x) 



for x<l/K 

K/{K-l) for x>l/K 



(4.39) 



This result compares qualitatively well with the numerical results presented in 



Fig. 4.1 1 Note however, that the mean-field solution Eq. (4.39 1 does not predict 
the exact critical barrier height, which is somewhat larger for ^ = 2 and an one- 



dimensional arrangement of neighbors, as in Fig. 4. 1 1 
1 /N corrections 



Eq. |4.39 cannot be rigorously true for N <°°, since there is a finite probability for 
barriers with 5, < 1/^ to reappear at every step. One can expand the solution of 



the self-consistency Eq. (4.35 1 in powers of 1/A^. One finds 

P(x) ^ 



K/N for x<l/K 
K/{K-l) for x> l/K 



(4.40) 
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We leave the derivation as an exercise to the reader. 

Distribution of lowest barrier 

If the barrier distribution is zero below the self-organized threshold Xc = l/K and 
constant above, then the lowest barrier must be below Xc with equal probability: 



Pi{x) 



K 





for x< l/K 
for x> l/K 



dxpi{x) = 1 



(4.41) 



Eqs. 4.41 and 4.33 are consistent with (4.40) for x<l/K 



Coevolution and avalanches 

When the species with the lowest barrier mutates we assign to it and to its ^ — 1 
neighbors new random barriers height. This causes an avalanche of evolutionary 
adaptions whenever one of the new barriers becomes the new lowest fitness bar- 
rier. One calls this phenomena 'coevolution' since the evolution of one species 
drives the adaption of other species belonging to the same ecosystem. We will 
discuss this and other aspects of evolution in more detail in the chapter on "Sta- 



tistical modeling of Darwinian evolution". In Fig. 4.13 this process is illustrated 
for the one-dimensional model. The avalanches in the system are clearly visible 
and well separated in time. In between the individual avalanches the barrier dis- 
tribution does not change appreciably, one speaks of a 'punctuated equilibrium' . 



Critical coevolutionary avalanches 

We have discussed in section |43] the connection between avalanches and random 
branching. The branching process is critical, when it goes on with a probability 
of 1/2. To see whether the coevolutionary avalanches within the Bak and Sneppen 
model are critical we calculate the probability ptran that at least one of the K new, 
randomly selected, fitness barriers will be the new lowest barrier. 

With probability x one of the new random barrier is in [0,x] and below the 



actual lowest barrier, which is distributed with pi{x), see Eq. (4.41). We then 
have 

/■I /-i/^^ K^ 

Pbran = K Pi{x)xdx 



K 



Kxdx 



l/K 




1 

2 



viz the avalanches are critical. The distribution of the size s of the coevolutionary 
avalanches is then 

■l\3/2 

D{s) ■ 



as evaluated within the random branching approximation, see Eq. (4.28), and in- 
dependent of ^. The size of a coevolutionary avalanche can be arbitrary large and 



involve, in extremis, a finite fraction of the ecosystem, compare Fig. 4.13 
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Features of the critical state 

The sandpile model evolves into a critical state under the influence of an external 
driving, when adding one sandcorn after another. The critical state is character- 
ized by a distribution of slopes (or heights) z,, one of its characteristics being a 
discontinuity: there is a finite fraction of slopes with z, = Z — 1, but no slope with 
Zi = Z, apart from some of the sites participating in an avalanche. 

In the Bak and Sneppen model the same process occurs, but without external 
drivings. At criticality the barrier distribution p{x) = dQ{x)/dx has a discontinu- 



ity at Xc = l/K, see Fig. 4.12 One could say, cum grano sails, that the system 
has developed an 'internal phase transition', namely a transition in the barrier dis- 
tribution p{x), an internal variable. This emergent state for p{x) is a many -body 
or collective effect, since it results from the mutual reciprocal interactions of the 
species participating in the formation of the ecosystem. 
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Exercises 

Solutions of the Landau-Ginzburg functional 



Determine the order parameter for /i / via Eq. (4.9 1 and Fig. 4.2 Discuss the local 



stability condition (4.3 1 for the three possible solutions and their global stability. 
Note that F = fV, where F is the free energy, / the free energy density and V the 
volume. 

Entropy and specific heat within the Landau model 

Determine the entropy S{T) = ^ and the specific heat cy = T^ within the Landau- 
Ginzburg theory ( |4.1[ ) for phase transitions. 

Game of life 

Consider the evolution of the following states, see Fig. |4.5[ under the rules for Con- 
way's game of life: 
{(0,0),(1,0),(0,1),(1,1)} 
{(0,-l),(0,0),(0,l)} 
{(0,0),(0,1),(1,0),(-1,0),(0,-1)} 
{(0,0),(0,1),(0,2),(1,2),(2,1)} 



You might check your prediction with the Java-applet at http : / /www . ibiblio . 



org/\discretionary{-}{}{}lifepatterns 



Game of life on a small-world network 

Write a program to simulate the game of life on a 2D lattice. Consider this lattice 
as a network with every site having edges to its eight neigbors. Rewire the network 
such that (a) the local connectivities z, = 8 are retained for every site and (b) a small- 
world network is obtained. This can be achieved by cutting two arbitray links with 
probability p and rewiring the four resulting stubs randomly. 
Define an appropriate dynamical order parameter and characterize the changes as 
function of rewiring probability. Compare the chapters on "Graph Theory and 
Small-World Networks" and on "Chaos, Bifurcations and Dijfusion" . 

Forest fire model 

Develop a mean-field theory for the forest-fire model by introducing appropriate 
probabilities to find cells with trees, fires and ashes. Find the critical number of 
nearest neighbors Z for fires to continue burning. 

Realistic sandpile model 

Propose a cellular automata model which simulates the physics of real-world sand- 
piles somewhat more realistically than the BTW-model. The cell-values z{x,y) 
should correspond to the local height of the sand. Write a program to simulate 
your model. 

Random branching model 



Derive the distribution of avalanche durations (4.291 in analogy to the steps ex 



plained in section 4.5 



Bak and Sneppen model 



Write a program to simulate the Bak and Sneppen model of section 4.6 and compare 
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with the molecular-field solution Eq. (4.35 1. 



Further readings 

Introductory texts to cellular automata and to the game of life are Wolfram (1986), 
Creutz (1997) and Berlekamp, Conway and Guy (1982). For areview of the forest 
fire and several related models see Clar, Drossel and Schwabl (1996), for a review 
of sandpiles Creutz (2004) and for a general review of self-organized criticality 
Paczuski and Bak (1999). Exemplary textbooks on statistical physics and phase 
transitions are Callen (1985) and Goldenfeld (1992). 

Some general features of 1// noise are discussed by Press (1978), its possible 
relation to self-organized criticality has been postulated by Bak, Tang and Wiesen- 
feld (1987). The formulation of the Bak and Sneppen (1993) model for long-term 
coevolutionary processes and its mean-field solution are discused by Flyvbjerg, 
Sneppen and Bak (1993). 

The interested reader might want also to take a glance into some original 
research literature, such as a numerical study of the sandpile model (Priezzhev, 
Ktitarev & Ivashkevich, 1996) and the application of random branching theory to 
the sandpile model (Zapperi, Lauritsen & Stanley, 1995). The connection of self- 
organized criticality to local conservation rules is worked out by Tsuchiya and 
Katori (2000), and the forest fire model with lightning was introduced by Drossel 
and Schwabl (1992). 
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(a) block 
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(b] 


1 blinker 
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(c) glider 
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Figure 4.5: Time evolution of some living configurations for the game of life, 



see Table 4.2 (a) The 'block'; it quietly survives, (b) The 'blinker'; it oscillates 
with period 2. (c) The 'glider'; it shifts by (-1,1) after 4 time steps. 
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Figure 4.6: Simulations of the forest-fire model. 

Left: Fires burn in characteristic spirals for a growth probability p = 0.005 and 

no lightning, / = (from Clar, Drossel & Schwabl, 1996). Right: A snapshot of 

the forest fire model with a growth probability p = 0.06 and a lightning proba- 

bihty / = 0.0001. Note the characteristic fire-fronts with trees in front and ashes 

behind. 
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Figure 4.7: The progress of an avalanche, with duration t = 3 and size s = 13, 
for a sandpile configuration on a 5 by 5 lattice with ^ = 3. The height of the 
sand in each cell is indicated by the numbers. The shaded region is where the 
avalanche has progressed. The avalanche stops after step 3. 
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Figure 4.8: Branching processes. 

Left: The two possible processes of order n = I. 

Right: A generic process of order n = 3 with an avalanche of size s 






Figure 4.9: Branching processes of order n = 2 with avalanches of sizes s 
3,5,7 (left, middle, right) and boundaries a = 0,2,4. 
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Figure 4.10: Illustration of an one-dimensional fitness landscape. A species 
evolving from an adaptive peak f to a new adaptive peak Q needs to overcome 
the fitness barrier B. 
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Figure 4.11: The barrier values (dots) for a 100 species one-dimensional Bak- 
Sneppen model after 50, 200 and 1600 steps of a simulation. The dotted line in 
each frame represents the approximate position of the upper edge of the "gap". 
A few species have barriers below this level, indicating that they were involved 
in an avalanche at the moment when the snapshot of the system was taken. 
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Figure 4. 12: The distribution Q{x) to find a fitness barrier larger than ;c G [0, 1] for 
the Bak and Sneppen model, for the case of random barrier distribution (dashed 



line) and the stationary distribution (dashed-dotted line), compare Eq. (4.38 1. 
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Figure 4.13: A time-series of evolutionary activity in a simulation of the one- 
dimensional Bak-Sneppen model with K = 2 showing coevolutionary avalanches 
interrupting the punctuated equilibrium. Each dot represents the action of choos- 
ing a new barrier value for one species. 



152 Cellular Automata and Self-Organized Criticality 



Chapter 5 

Statistical modeling of Darwinian 
evolution 



Preface 

Adaption and evolution are quasi synonymous in popular language and Darwinian 
evolution a prime application of complex adaptive system theory. We will see that 
adaption does not happen automatically and discuss the concept of 'error catas- 
trophe' as a possible root for the downfall of a species. Venturing briefly into the 
mysteries surrounding the origin of life, we will investigate the possible advent of 
a 'quasi-species' in terms of mutually supporting hypercycles. The basic theory of 
evolution is furthermore closely related to game theory, the mathematical theory 
of interacting agents, viz of rationally acting economic persons. 

We will learn in this chapter, on one side, that every complex dynamical sys- 
tem has its distinct characteristics to be considered. In the case of Darwinian 
evolution these are concepts like fitness, selection and mutation. General notions 
from complex system theory are, on the other side, important for a thorough un- 
derstanding. An example is the phenomena of stochastic escape discussed in the 
chapter on "Chaos, Bifurcations and Dijfusion", which is operative in the realm 
of Darwinian evolution. 

5.1 Introduction 

Microevolution 

The ecosystem of the earth is a complex and adaptive system. It formed via 
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Darwinian evolution through species differentiation and adaption to a changing 
environment. A set of inheritable traits, the genome, is passed from parent to 
offsprings and reproduction success is determined by the outcome of random mu- 
tations and natural selection - a process denoted 'microevolution]^ 

Asexual reproduction 

One speaks of asexual reproduction when an individual has a single 
parent. 

Here we consider mostly models for asexual reproduction, though most concepts 
can be easily generalized to the case of sexual reproduction. 

Basic terminology 

Let us introduce some basic variables needed to formulate the approach. 

• Population M: The number of individuals. 

We assume here that M does not change with time, modeling the competi- 
tion for a limited supply of resources. 

• Genome A'^: Size of the genome. 

We encode the inheritable traits by a set of A^ binary variables, 

S = {si,S2,..,Sn), Si= ±1 . 

A'^ is considered fixed. 

• Generations 

We consider time sequences of non- overlapping generations, like in a wheat 
field. The population present at time t is replaced by their offsprings at 
generation t+l. 



In Table 5.1 some typical values for the size A^^ of the genome are listed. Note the 
three orders of magnitude between simple eucaryotic life forms and the human 
genome. 

State of the population 

The state of the population at time t can be described by specifying the genomes 
of all the individuals, 

{s"(z')}, a=l...M, s = {su...,sn) . 



' Note, that the term "macroevolution", coined to describe the evolution at the level of organ- 
isms is nowadays somewhat obsolete. 
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We define by 

X,{t), £Xs(0=M, (5.1) 

s 

the number of individuals with genome s for each of the 2^ points s in the genome 
space. Typically, most of these occupation numbers vanish: biological popula- 
tions are extremely sparse in genome space. 

Combinatorial genetics of alleles 

Classical genetics focuses on the presence (or absence) of a few characteristic 
traits. These traits are determined by specific sites, denoted 'loci', in the genome. 
The genetic realizations of these specific loci are called 'alleles'. Popular exam- 
ples are alleles for blue, brown and green eyes. 

Combinatorial genetics deals with the frequency-change of the appearance of 
a given allele resulting from environmental changes during the evolutionary pro- 
cess. Most visible evolutionary changes are due to a remixing of alleles, as mu- 
tation induced changes in the genome are relatively rare, compare the mutation 
rates listed in Table 15. ll 

Bean-bag genetics without epistatic interactions 

One calls 'epistasis' the fact that the effect of the presence of a given allele in a 
given locus may depend on which alleles are present in some other loci. Classical 
genetics neglects epistatic interactions. The resulting picture is often called 'bean- 
bag genetics', as if the genome were nothing but a bag carrying the different alleles 
within itself. 

Genotype and phenotype 

We note, that the physical appearance of an organism is not determined exclu- 
sively by gene expression. One distinguishes between the genotype and the phe- 

Organism Genome size Rate per base Rate per genome 



Bacteriophage 


ep 


4.5 xlO-^ 


1.4x10"^ 


6.5 


Bacteriophage 


x 


4.9 X 10^ 


7.7 xlO-s 


0.0038 


E. Coli 




4.6 xlO^ 


5.4x10-1*^ 


0.0025 


C. Elegans 




8.0x10^ 


2.3 xlO-i« 


0.018 


Mouse 




2.7 xl09 


1.8 X 10^10 


0.49 


Human 




3.2 xlO*^ 


5.0x10-11 


0.16 



Table 5.1: Genome size A'^ and the spontaneous mutation rates ^, compare Eq. 



(5.3 1, per base for two RNA-based bacteria and DNA-based eucaryotes. From 



Jain and Krug (2006) and Drake, Charlesworth and Charlesworth (1998). 
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Figure 5.1: Illustration of (smooth) one-dimensional model fitness landscapes 

F(s). Real-world fitness landscapes contain however discontinuities. 

Left: A fitness landscape with peaks and valleys, metaphorically also called a 

'rugged landscape'. 

Right: A fitness landscape containing a single smooth peak, as described by Eq. 



(5.231. 



no type. 

• Genotype 

The genotype of an organism is the class to which that organism belongs 
as determined by the DNA that was passed to the organism by its parents at 
the organism's conception. 

• Phenotype 

The phenotype of an organism is the class to which that organism belongs 
as determined by the physical and behavioral characteristics of the organ- 
ism, for example its size and shape, its metabolic activities and its pattern 
of movement. 

Selection acts, strictly speaking, only upon phenotypes, but only the genotype is 
bequeathed. The variations in phenotypes then act as a source of noise for the 
selection process. 

Speciation 

One denotes with 'speciation' the process leading to the differentiation of an ini- 
tial species into two distinct species. Speciation occurs due to adaption to different 
ecological niches, often in distinct geographical environments. We will not treat 
the various theories proposed for speciation here. 



5.2 Mutations and fitness in a static environment 

Constant environment 

We consider here the environment to be static, an assumption justified for the case 
of short-term evolution. This assumption clearly breaks down for long time scales. 
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as already discussed in the chapter " Cellular Automata and Self-Organized Criti- 
cality", since the evolutionary change of one species might lead to percussions all 
over the ecosystem it appertains to. 

Independent individuals 

An important issue in the theory of evolution is the emergence of specific kinds 
of social behaviors. Social behavior can only arise if the individuals of the same 



population interact. We discuss some of these issues in section 5.6 in the context 
of game theory. Until then we assume non-interacting individuals, which implies 
that the fitness of a given genetic trait is independent of the frequency of this and 
of other alleles, apart from the overall competition for resources. 

Constant mutation rates 

We furthermore assume that the mutation rates are 

• constant over time, 

• independent of the locus in the genome, and 

• not subject to genetic control. 

Any other assumption would require detailed microbiological modeling, a subject 
beyond our scope. 

Stochastic evolution 

The evolutionary process can then be modeled as a three-stage stochastic process: 

1. Reproduction 

The individual a at generation t is the offspring of an individual a' living 
at generation t—l. Reproduction is thus represented as a stochastic map 

a — > a' = Gt{a), (5.2) 

where Gt{(x) is the parent of the individual a, and is chosen at random 
among the M individuals living at generation t—l. 

2. Mutation 

The genomes of the offsprings differ from the respective genomes of their 
parents through random changes. 

3. Selection 

The number of surviving offsprings of each individual depends on its 
genome, it is proportional to its 'fitness', which is a functional of the 
genome. 
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Point mutations and mutation rate 

Here we consider mostly independent point mutations, namely that every element 
of the genome is modified independently of the other elements, 

sf{t) = -sf'^"-\t-l) with probability /j , (5.3) 

where the parameter /j E [0, 1/2] is the microscopic 'mutation rate'. In real or- 
ganisms, more complex phenomena take place, like global rearrangements of the 
genome, copies of some part of the genome, displacements of blocks of elements 
from one location to another, and so on. The values for the real-world mutation 



rates p for various species listed in Table 5.1 are therefore to be considered effec- 
tive mutation rates. 

Fitness and fitness landscape 

The fitness W{s), also called 'Wrightian fitness', of a genotype trait s is propor- 
tional to the average number of offspring an individual possessing the trait s has. 
It is stricly positive and can therefore be written as 

W{s) = e^^^^' oc average number of offsprings of s. (5.4) 

Selection acts in first place upon phenotypes, but we neglect here the difference, 
considering the variations in phenotypes as a source of noise, as discussed above. 



The parameters in Eq. (5.4) are denoted: 

• W{s) : 'Wrightian fitness', 

• i^(s) : 'fitness landscape', 

• k: 'inverse selection temperature', and 

• w(s) : 'Malthusian fitness', when rewriting Eq. (5.4) as W{s) = e"^^^^^. 



where At is the generation time. 

We will work here with discrete time, viz with non overlapping generations, and 
therefore make use only of the Wrightian fitness W{s). 

Fitness of individuals vs. fitness of species 

We remark that this notion of fitness is a concept defined at the level of individuals 
in a homogeneous population. The resulting fitness of a species or of a group of 
species needs to be explicitly evaluated and is model dependent. 

Fitness ratios 

The assumption of a constant population size makes the reproductive success a 
relative notion. Only the ratios 

w(s2) e^n^i) ^^-^^ 
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are important. It follows that the quantity W{s) is defined up to a proportional- 
ity constant and, accordingly, the fitness landscape F(s) only up to an additive 
constant, much like the energy in physics. 

Fitness landscape 

The graphical representation of the fitness function F(s) is not really possible 
for real- world fitness functions, due to the high dimensionality 2^ of the genome 
space. It is nevertheless customary to draw 'fitness landscape', like the one shown 



in Fig. 5.1 One has to keep however in mind, that these illustrations are not to be 
taken at face value, apart from model considerations. 

Fundamental theorem of natural selection 

The so-called 'Fundamental Theorem of Natural Selection', first stated by Fisher 
in 1930, deals with adaption in the absence of mutations and in the thermodynamic 
limit M ^ oo. An infinite population allows to neglect fluctuations. 

The theorem states, that the average fitness of the population cannot decrease 
in time under these circumstances, and that the average fitness becomes stationary 
only when all individuals in the population have the maximal reproductive fitness. 

The proof is straightforward. We define with 



mt 



1 

M 



1 



IW^(s"(0) = T.IW^(s)X,(0 



M' 



(5.6) 



the average fitness of the population. Note, that the Y^^ in (5.6 1 contains 2 terms. 



The evolution equations are given in the absence of mutations by 



XM+l] 



m. 



-Mt) , 



(5.7) 



where W{s)/ {W)t is the relative reproductive success. The overall population size 
remains constant, 

1 



I^s(^+i: 



{w), 



■£x,(Ow(s) = M 



(5.8) 



where we have used Eq. (5.6) for (W)t. Then 

1 



{W)t+i 



M ^ 



Y,w{s)Xs{t+r 



hLsW\s)x, 



M 



j^Ls'W{s')x, 



{W)t 



(5.9) 



The steady-state 



{W)t 



+1 



(W) 



f) 



{W% = {W)j 
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is only possible when all individuals 1..M in the population have the same fitness, 
viz the same genotype. 

5.3 Deterministic evolution 

Mutations are random events and the evolution process is therefore a stochas- 
tic process. But stochastic fluctuations become irrelevant in the limit of infinite 
population size M ^ 0°, they average out. In this limit the equations governing 
evolution become deterministic and only the average transition rates are relevant. 
One can then study in detail the condition necessary for adaption to occur for 
various mutation rates. 

5.3.1 Evolution equations 

Mutation matrix 

The mutation matrix 

e^(s'^s), £2^(s'^s) = l (5.10) 

s 

denotes the probabilities of obtaining a genotype s, when attempting to reproduce 
an individual with genotype s'. The mutation rates 2^(s' -^ s) may depend on a 
parameter fj determining the overall mutation rate. The mutation matrix includes 
the absence of any mutation, viz the transition Qp,{s' — > s'). It is normalized. 

Deterministic evolution with mutations 



We generalize Eq. (5.7 1, valid in the absence of mutations, by including the effect 



of mutations via the mutation matrix 2^(s' — > s): 



X,{t+1)/M = \^^X,,{t)W{s')Q^{s' ^s)] / lY^W,>XAt) 



or 



Xs{t + 1) = 77,77 , {W}t = 2^Ws>Xs'{t) , (5.11) 

{W)t g, 

where we have introduced the normalized population variables 

^s(0 = ^, l^s(0 = l- (5.12) 
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The evolution dynamics Eq. ( |5.11[ ) retains the overall size Es^s(0 of the popu- 
lation, due to the normalization of the mutation matrix 2^(s' ^ s), Eq. (5.10) 



Hamming distance 

The Hamming distance 

Jh(s,s') 



f^i^^^^ 



N If , 



(5.13) 



;=1 



!=1 



measures the number of units that are different in two genome configurations s 
and s', e.g. before and after the effect of a mutation event. 

Mutation matrix for point mutations 

We consider the most simplest mutation pattern, viz the case of fixed genome 
length A^ and random transcription arrows afflicting only individual loci. For this 
case, namely point mutations, the overall mutation probability 

e^(s'^s) = /»(l-A/f-^» - exp([log(A/)-log(l-A*)]J^) 

oc expf|3£^,^;J (5.14) 

is the product of the independent mutation probabilities for all loci z = l,..,N. The 



parameters in Eq. (5.14) denote: 



dn '■ the Hamming distance Jh(s,s') given by Eq. (5.13 ), 
/J : the mutation rate /j defined in Eq. ( |5.3 ), and 
(3 : an effective inverse temperature as defined by 



P 



H^ 



(5.15) 



The relation of the evolution equation Eq. (5.14) to the partition function of a 
thermodynamical system, hinted by the terminology 'inverse temperature' will 
become evident further below. One has 



i:e.(s'-s) = iQ^^ii-A/f-V^ = {i-p+pf 



1 



and the mutation matrix defined by Eq. (5.14) is consequently normalized. 
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Evolution equations for point mutations 

Using the exponential representation W{s) = exp[^F(s)], see Eq. (5.4), of the 



fitness W{s) and Eq. (5.14) for the mutation matrix, we can write the evolution 
Eq. ( |57T2l ) via 



Xs{t + 1] 



iW)^ 



Y,x,it)expi^Y.'^s[ + kF{s') 



(5.16) 



in a form that is suggestive of a statistical mechanics analogy. 
Evolution equations in linear form 



The evolution Eq. ( 5.16[ ) is non-linear in the dynamical variables Xs{t), due to the 
normalization factor l/{W)t. A suitable change of variables does however allow 
to cast the evolution equation into a linear form. 

We introduce for this purpose the unnormalized variables ys{t) via 



Xs{t) 



ys{t) 



Es'Js'(0 



{W)t=Y^W{s)xs{t) 



LsW{s)ysit) 



(5.17) 



Note that the ys{t) are determined by Eq. (5.17) implicitly and that the normal- 
ization Es'3's'(0 ^^^ be chosen freely for every generation t = 1,2,3,.. . The 



evolution Eq. (5.16) then becomes 



ys{t+l) = Z^^ys'Wexp |3j^5,5; + ;tF(s') 



(5.18) 



where 



Zt 



Ls'yAt + i] 



LsW{s)y,it) 
Choosing a different normalization for the ys{t) and for the ys{t + I) we may 



achieve Zj = I. Eq. (5.18 ) is then linear in the js(0- 



Statistical mechanics of the Ising model 

In the following we will make use of analogies to notations commonly used in 
statistical mechanics. The reader unfamiliar with the mathematics of the one di- 
mensional Ising model may skip the mathematical details and concentrate on the 
interpretation of the results. 



We write the linear evolution Eq. (5.18) as 



ys{t + i] 



,P«[s,s'l 



ys'{t), 



ys{t+i) 



I 

s(0 



,m^ir+mr)]y^^^^ 



(5.19) 
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where we denote by //[s,s'] an effective Hamiltonian 

|3//[s,s'] = (3^^5,5; + ;tF(s') 



(5.20) 



and where we renamed the variables s by s (f + 1 ) and s' by s (?) . Eq. ( 5 . 1 9 ) can be 
solved iteratively, 



3's(/+l) 



,pif [s(f+l),s(0] . . . „p/f [s(l),s(0)] 



sW,...,s(0) 

{sit + l)\e^^\yiO)) 



y<o) 



with the two-dimensional Ising-type Hamiltonian 

p// = (3£.,-(f + l).,(0+^I^(s(0) 



(5.21) 



(5.22) 



i,t 



and the states ys{t) = {s\y{t)) in the bra-ket notation of quantum mechanics^ We 
are interested in the asymptotic state f — > oo of the system, which corresponds to 
the last time layer lim/^oo \y{t + 1) >. 

Short detour: the bra-ket notation 

For convenience we explain, without digging into mathematical niceties, the 
fundamentals of the very convenient bra-ket notation, which is widely used in 
physics. One denotes with the 'bra' {y\ and with the 'ket' \y) just the respective 
row- and column vectors 



{y\ = (ji,j2,---,J2^), 



\y) 



( yi \ 



\ yi^ I 



yj = ys 



of a vector y, where the y* is the conjugate complex of y*j. Our variables are 
however all real and y*j = yj. The scalar product x ■ y of two vectors is then 

^ y = ll^*jyj = (^\y) • 
j 

The expectation value (A)^ is given in bra-ket notation as 

{A)y = LylA:jyj = {y\A\y), 
'J 

where A, y are the elements of the matrix A. 



^The following derivation can be understood disregarding the bra-ket notation, which is how- 
ever helpful for the reader interested in the cross-correlations to quantum mechanics. 
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5.3.2 Bean-bag genetics - evolutions without epistasis 

Fujiyama landscape 

The fitness function 

N 

F(s) = Y^hiSi, W{s) 



N 



Yl e^^^'' 



(5.23) 



i=\ i=l 

is denoted 'Fujiyama landscape' since it corresponds to a single smooth peak as 



illustrated in Fig. 5.1 To see why we consider the case hi > and rewrite Eq. 
F(s) = so-s, 



(5.23) as 



So = {hi,h2,..,hu) . 

The fitness of a given genome s is directly proportional to the scalar product with 
the master sequence Sq, with a well defined gradient pointing towards the master 
sequence. 

Fujiyama Hamiltonian 



No epistatic interactions are present in the smooth-peak landscape Eq. (5.23 1. In 
terms of the corresponding Hamiltonian, see Eq. ( |5.22 ), this fact expresses itself 
as 



N 



p// = |3£//., 



m = |3£^,(?+ l)^,-(0 + kh,Y,s,{t) . (5.24) 



Every locus i corresponds exactly to one-dimensional t = 1,2,... Ising-model |3//; 
in an effective uniform magnetic field khi. 

Transfer matrix 



The Hamiltonian (5.24 1 does not contain interactions between different loci of the 



genome; we can just consider a single Hamiltonian //, and find for the iterative 



solution (5.21 1 



with the 2 X 2 transfer matrix Tt = eP^'[^i('+i).i'/(0] given by 



(5.25) 



(5.26) 



where we have used o,o' = ±1 and the symmetrized form 



khi 



m = P&(^ + i>KO + VI 



Si{t+1)+Si(t) 
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of the one-dimensional Ising model. 

Eigenvalues of the transfer matrix 

We consider 

and evaluate the eigenvalues (O of r^: 

0)2 - 2(0 gP cosh(yt) + e^P _ e-2P = q . 
The solutions are 

(01,2 = e^ cosh(/t) ± y^e2|3cosh2(fc)-e2p + e-2|3 _ 
The larger eigenvalue (Oi thus has the form 



(Oi = ePcosh(/t) + ■y/e2Psinh2(/t) + e-2P. (5.27) 



Eigenvectors of transfer matrix 

For (Oi > (02 the eigenvector |(0i) corresponding to the larger eigenvalue (Oi dom- 
inates in the t ^ oo limit and its components determine the genome distribution. 
It is determined by 

where 

(Oi - eP+^ = ^e2Psinh2(/t)+e-2P - gP sinh(A:) . 

This yields 



A^\ I ' -P 



^- J VNa V \/e2Psinh2(;t) + e-2P-ePsinh(;t) 
with the normalization 

+ (e^P sinh2(/t) + e-2PJ + 2eP sinh()t)^e2psinh2(/t) + e-2P 



(5.28) 



2e-2P + e2p sinh2(A:) - 2e^ smh{k) Je^^ smh^{k) + e-2p . 
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Order parameter 

The one-dimensional Ising model does not have phase transitions. Thus we 
reach the conclusion that evolution in the Fujiyama landscape takes place in a 
single phase, where there is always some degree of adaptation. One can evaluate 
the amount of adaption by introducing the 'order parameter' q] 

m = \im{s{t)) = A+ -A_ (5.29) 

t — >oo 

which corresponds to the uniform magnetization in the Ising model analogy. One 

obtains 

1 



m = — 



e-^ - Ve2p sinh2(A:) + e-2P + gP sinh(A:) 



(5.30) 



In order to interpret this result for the amount m of adaption in the smooth Fu- 
jiyama landscape we recall that (see Eqs. (5.15 1 and ( |5.4 |) 



P=^log(^), W^(s)=/^(^) 



where fi is the mutation rate for point mutations. Thus we see that, whenever the 
fitness landscape does not vanish (k > 0), there is some degree of adaptation for 
any nonzero value of (3, i.e., for any mutation rate ^ smaller than 1/2. 

5.3.3 Epistatic interactions and the error catastrophe 



The result of the previous section 5.3.2 the occurrence of adaption in a smooth 



fitness landscape for any non-trivial model parameter, is due to the absence of 
epistatic interactions in the smooth fitness landscape. Epistatic interactions intro- 
duce a phase transition to a non-adapting regime once the mutation rate becomes 
too high. 

Sharp-peak landscape 

One possibility to study this phenomenon is the limiting case of very strong 
epistatic interactions: in this case, a single element of the genotype does not give 
any information on the value of the fitness. This fitness is defined by the equation 



W(s) 



(1 '^1 = '' . (5.31) 

1 1 — a otherwise 



It is also denoted a fitness landscape with a 'tower'. In this case all genome se- 
quences have the same fitness, which is lower than the one of the master sequence 



^The concept of order parameters in the theory of phase transition is discussed in the chapter 
on "Cellular Automata and Self-Organized Criticality" . 
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Figure 5.2: Illustration of the linear chain model for the tower landscape, Eq. 
( |5.31 1, with k denoting the number of point mutations necessary to reach the 



optimal genome. The population fraction Xk+i{t + 1) is only influenced by the 
value of ;cjt and its own value at time t. 

So- The corresponding landscape F{s), defined by W{s) = e^^(^) is then equally 
discontinuous. This landscape has no gradient pointing towards the master se- 
quence of maximal fitness. 

Relative notation 

We define by Xk the fraction of the population whose genotype has a Hamming 
distance k from the preferred genotype, 

""kit) = JjY,Kis,so),kUt) ■ (5.32) 

The evolution equations can be formulated entirely in terms of these x^, they cor- 
respond to the fraction of the population being k point mutations away from the 
master sequence. 

Infinite- genome limit 



We take the N ^ o° limit and scale the mutation rate, see Eq. (5.3 ), 

IJ ^ u/N , (5.33) 

for point mutations such that the average number of mutations 

u = Njj 

occurring at every step remains finite. 

Absence of back mutations 

We consider starting from the optimal genome Sq and consider the effect of muta- 
tions. Any successful mutation increases the distance k from the optimal genome 



Sq. Assuming m ^ 1 in Eq. (5.33 1 implies that 



multiple mutations do not appear, and that 
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one can neglect back mutations that reduce the value of k, since they have a 
relative probability proportional to 



N-k 



< 1 



Linear-chain model 

The model so defined has consequently the structure of a linear chain, k — being 
the starting point of the chain. 

We have two parameters: u, which measures the mutation rate and o that 
measures the strength of the selection. Remembering that the fitness W{s) is pro- 



(W) 
1 

W) 

1 

W) 



portional to the number of offsprings, see Eq. (5.31 ), we then find 

xoit+l) 

Xi{t+\) 
Xk{t+l) 



xo{t){l-u) 










(5.34) 


uxo{t) + {l-u){l~a)xi{t) 






(5.35) 


UXk-lit) + {l 


-u)xk{t) 


(1- 


C5) 


k>\, 


(5.36) 



where (W) is the average fitness. These equations describe a linear chain model 



as illustrated in Fig. 5.2 The population of individuals with the optimal genome 
xq looses constantly members due to mutations. But it also has a higher number 
of offsprings than all other populations, due to its larger fitness. 

Stationary solution 

The average fitness of the population is given by 

{W) = xq + {\-o){\-xq) = l-a(l-xo). (5.37) 

We look for the stationary distribution {x^}. The equation for Xq does not involve 
the 4 with ^ > 0: 



x*q{1-u) 



*\ ' 



The solution is 



1-(5{1-X*) 



Xq 



l-o(l 



1 — M . 



1 — u/<5 if M < a 

if M > a 



(5.38) 



due to the normalization condition -<:o < 1 • For u > o the model becomes ill de- 
fined. The stationary solutions for the x*^ are for k= I 



Xi 



l-<5{l-xl)-{l-u){\-<5) 



X, 



' 
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Figure 5.3: Quasi-species formation within the sharp-peak fitness landscape, Eq. 



(5.31 1. The stationary population densities x^, see Eq. (5.391, are peaked around 



the genome with maximal fitness, k = 0. The population tends to spread out 
in genome space when the overall mutation rate u approaches the critical point 
u ^ o. 



which follows directly from Eqs. ( |5.35[ ) and ( |5.37[ ), and for ^ > 1 

(1-o)m 






1-o(1-x*)-(1-m)(1-o) 



^k-l ' 



(5.39) 



which follows from Eqs. (5.36) and (5.37). 

Phase transition and order parameter 

We can thus distinguish two regimes determined by the magnitude of the mutation 
rate /j = u/N relative to the fitness parameter o, with 



being the transition point. In physics language the epistatic interaction corre- 
sponds to many-body interactions and the occurrence of a phase transition in the 
sharp-peak model is due to the many-body interactions which were absent in the 



smooth fitness landscape model considered in section 5.3.2 

Adaptive regime and quasi-species 

In the regime of small mutation rates, w < a, one has Xq>0 and in fact the whole 
population lies a finite distance away from the preferred genotype. To see why, 
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we note that 

o(l-xo) = o(1-1+m/o) = u 



and take a look at Eq. (5.39): 



1 — o)m /I — g\ / u 



< 1, for u < <5 . 



1— M — (1— m)(1— O) \\—uJ\0 

The x^ therefore form a geometric series, 

1 — a M 
1 — a o^ 

which is summable when u < o. In this adaptive regime the population forms 



what Manfred Eigen denoted a 'Quasi-species', see Fig. 5.3 

Quasi-species 

A quasi-species is a population of genetically close, but not identical 
individuals. 

Wandering regime and error threshold 

In the regime of a large mutation rate, m > a, we have x^ = 0, Vfc. In this case, a 
closer look at the finite genome situation shows that the population is distributed in 
an essentially uniform way over the whole genotype space. The infinite genome 
limit becomes therefore inconsistent, since the whole population lies an infinite 
number of mutations away from the preferred genotype. In this wandering regime 
the effects of finite population size are prominent. 

Error catastrophe 

The transition from the adaptive (quasi-species) regime to the wan- 
dering regime is denoted the 'error threshold' or 'error catastrophe' . 

The notion of error catastrophe is a quite generic feature of quasi-species theory, 
independent of the exact nature of the fitness landscape containing epistatic inter- 
actions. A quasi-species cannot adapt any more, once its mutation rate becomes 
too large. In the real world the error catastrophe implies extinction. 

5.4 Finite Populations and stochastic escape 

Punctuated equilibrium 

Evolution is not a steady process, there are regimes of rapid increase of the fitness 
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and phases of relative stasis. This kind of overall dynamical behavior is denoted 
'punctuated equilibrium' . 

Adaption can result in this context either from local optimization of the fitness 
of a single species or via coevolutionary avalanches, as discussed in the chapter 
"Cellular automata and self organized criticality" . 

Neutral regime 

The stage where evolution is essentially driven by random mutations 
is called the neutral (or wandering) regime. 

The quasi-species model is inconsistent in the neutral regime. In fact, the popula- 
tion spreads out in genome space in the neutral regime and the infinite population 
limit is not reasonable anymore. In this situation, the fluctuations of the reproduc- 
tive process in a finite population have to be taken into account. 

Deterministic vs. stochastic evolution 

Evolution is driven by stochastic processes, since mutations are random events. 
Randomness averages out nevertheless and the evolution process becomes deter- 



ministic in the thermodynamic limit, as discussed in section 5.3 , when the number 
M of individuals diverges, M — > oo. 

Evolutionary processes in populations with a finite number of individuals dif- 
fer from deterministic evolution quantitatively and sometimes also quahtatively, 
the later being our focus of interest here. 

Stochastic escape 

Random mutations in a finite population might lead to a decrease in 
the fitness and to a loss of the local maximum in the fitness landscape 
with a resulting dispersion of the quasi-species. 

We have given a general account of the theory of stochastic escape in the chapter 
"Chaos, Bifurcations and Diffusion". Here we will discuss in some detail under 
which circumstances this phenomenom is important in evolutionary processes of 
small populations. 

5.4.1 Strong selective pressure and adaptive climbing 

Adaptive walks 

We consider a coarse-grained description of population dynamics for finite pop- 
ulations. We assume that 

(a) the population is finite, 

(b) the selective pressure is very strong. 
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(c) the mutation rate is small. 

It follows from (b), that one can represent the population by a single point in 
genome space, the genomes of all individuals are taken to be equal. The evolu- 
tionary dynamics is then: 

(A) At each time step, only one genome element of some individual in the popu- 

lation mutates. 

(B) If, because of this mutation, one obtains a genotype with higher fitness, the 

new genotype spreads rapidly throughout the entire population, which then 
moves alltogether to the new position in genome space. 

(C) If the fitness of the new genotype is lower, the mutation is rejected and the 

population remains at the old position. 

Physicists would call this type of dynamics a Monte-Carlo process at zero tem- 
perature. As it is well known, this algorithm does not lead to a global optimum, but 
to a "typical" local optimum. The step (C) holds only for the infinite -population 
limit. We will relax this condition further below. 

Random energy model 

It is thus important to investigate the statistical properties of the local optima, 
which depend on the properties of the fitness landscape. A suitable approach is to 
assume a random distribution of the fitness. 

Random energy model 

The fitness landscape F(s) is uniformly distributed between and 1. 



The random energy model is illustrated in Fig. 5.4 

Local optima in the random energy model 

Let us denote by A'^ the number of genome elements. The probability that a point 
with fitness F(s) is a local optimum is simply given by 

since we have to impose that the A'^ nearest neighbors 

(51,..., -*,,..., 5iv), (/= 1,...,A^), S = (5l,...,5Ar) , 

of the point have fitness less than F. The probability that a point in genome space 
is a local optimum is given by 

/•I I 

P {local optimum} = / F^dF = - — -, (5.40) 
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N=2 



• • 





Figure 5.4: Illustration of local fitness optima in a one-dimensional random fit- 
ness distribution, the number of neighbors is two. This simplified picture does 
not corresponds directly to the N = 2 random energy model, for which there 
are just 2^ = 4 states in genome space. It shows however, that random distribu- 
tions may exhibit an enormous number of local optima (filled circles), which are 
characterized by lower fitness values both on the left-hand side as well as on the 
right-hand side. 



since the fitness F is equally distributed in [0, 1]. There are therefore many local 
optima, namely 2^/(A^+ 1). A schematic picture of the large number of local 



optima in a random distribution is given by Fig. 5.4 



Average fitness at a local optimum 

The typical fitness of a local optimum is 



^typ 



1/{N 



!+l)Jo 



FF^dF 



N+l _ l + l/N 
N + 2 ~ 1 + 2/N 



l-l/N, (5.41) 



viz very close the global optimum of 1, when the genome-length A^ is large. At 
every successful step the distance from the top is divided, on average, by a factor 

2. 

Successful mutations 

We now consider the adaption process. Any mutation results in a randomly dis- 
tributed fitness of the offspring. A mutation is successful whenever the fitness of 
the offspring is bigger than the fitness of its parent. The typical fitness attained 
after i successful steps is then of the order of 



1 



1 



2^+1 



when starting (Z = 0) from an average initial fitness of 1/2. It follows that the 
typical number of successful mutations after which an optimum is attained goes 
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as 

Fryp = l-l/N=l- ^, i^y, + 1 = ^ ' (5.42) 

it is relatively small. 

Time for one successful mutation 

Even though the number of successful mutations ( |5.42[ ) needed to arrive at the 
local optimum is small, the time to climb to the local peak can be very long, see 



Fig. 5.5 for an illustration of the climbing process. 



We define by 

tp = ^nPn, n: number of generations 

n 

the average number of generations it takes for the population with fitness F to 
achieve one successful mutation, with P,, being the probability that it takes exactly 
n generations. We obtain: 

tp = i(i-i7) +2(1-F)F + 3(1-F)f2 + 4(1-F)f3 + ... 
\-F - l-F / a - \ n /7^ ^ 1 

^ (5.43) 



\-F 

The average number of generations it takes to further increase the fitness by a 
successful mutation diverges close to the global optimum F — > 1 . 

Total climbing time 

Every successful mutation decreases the distance 1 — F to the top by 1/2 and 
therefore increases the factor 1 / ( 1 — F) on the average by two. The typical number 
(,typ, see Eq. (5.42), of successful mutations needed to arrive at a local optimum 
determines , via Eq. (|5.43l), the expected total number of generations Topt to arrive 



at the local optimum. It is therefore on the average 

Topt = ltF + 2tf + 2^tF + ... + 2^'yptF 

1-2 

^ ^Fei°s^ = ^ ^ 2A^, (5.44) 



where we have used Eq. (5.42 1 and F ^ 1/2 for a typical starting fitness. The time 
needed to climb to a local maximum in the random fitness landscape is therefore 
proportional to the length of the genome. 
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different genotypes 

Figure 5.5: Schematic picture of a climbing process and stochastic escape. The 
higher the fitness the more difficult it becomes to climb further. With an es- 
cape probability p^^c the population jumps somewhere else and escapes a local 
optimum. 



5.4.2 Adaptive climbing vs. stochastic escape 



In the previous section 5.4. 1 the average properties of adaptive climbing have been 
evaluated. We take now the fluctuations in the reproductive process into account 
and compare the typical time scales for a stochastic escape with that for adaptive 
climbing. 

Escape probability 

When a favorable mutation appears, it spreads instantaneously into the whole 

population, under the condition of strong selection limit, as assumed in our model. 

We consider a population situated at a local optimum or very close to a local 

optimum. Every point mutation then leads to a lower fitness and the probability 

Pesc for stochastic escape is 



where M is the number of individuals in the population and u E [0, 1] the muta- 
tion rate per genome, per individual and per generation, compare Eq. ( |5.33 ). The 
escape can only happen when a mutation occurs in every member of the popu- 



lation within the same generation (see also Fig. 5.5). If a single individual does 
not mutate, it retains its higher fitness of the present local optimum and all other 
mutations are discarded within the model, assuming a strong selective pressure. 

Stochastic escape and stasis 

We consider now a population on its way, climbing towards a local optimum. The 
probability that the fitness of a given individual increases is (1 — F)u, it needs to 
mutate with a probability u and to achieve a higher fitness, when mutating, with 
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probability I — F. We denote with 

a = 1 — (1 — F)u 

the probability that the fitness of an individual does not increase with respect to 
the current fitness F of the population. The probability qi,et that at least one better 
genotype is found is then given by 

Gbet — 1 — « . 

Considering a population close to a local optimum, a situation typical for real- 
world ecosystems, we can then distinguish between two evolutionary regimes: 

• Adaptive walk 

The escape probability pesc is much smaller than the probability to increase 
the fitness, qt>et 3> Pesc- The population continuously increases its fitness 
via small mutations. 

• Wandering regime 

Close to a local optimum the adaptive dynamics slows down and the prob- 
ability of stochastic escape p^sc becomes comparable to that of an adaptive 
process, p^sc ~ Ihet- The population wanders around in genome space, start- 
ing a new adaptive walk after every successful escape. 

Typical escape fitness 

During the adaptive- walk regime the fitness F increases steadily, until it reaches a 
certain typical fitness F^^c for which the probability of stochastic escape becomes 
substantial, i.e. when p^^c ~ Ihet and 

Pesc = M^ = l-[l-(l-Fe,,c.)M]^ = qbet 

holds. As (1 — Fesc) is then small we can expand above expression in (1 —Fesc), 

U^ ^ l-[\-M{\-Fesc)u] = M{l-Fesc)u, 

obtaining 

1-F,,, = M^-i/M. (5.45) 

The fitness Fesc necessary for the stochastic escape to become relevant is expo- 
nentially close to the global optimum F = 1 for large populations M. 

Relevance of stochastic escape 

The stochastic escape occurs when a local optimum is reached, or when we are 
close to a local optimum. We may estimate the importance of the escape process 
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Figure 5.6: The simplest hypercycle. A and B are self-replicating molecules. A 
acts as a catalyst for B, i.e. the replication rate of B increases with the concen- 
tration of A. Likewise the presence of B favors the replication of A. 

relative to that of the adaptive walk by comparing the typical fitness Ffyp of a 
local optimum achieved by a typical climbing process with the typical fitness Fesc 
needed for the escape process to become important: 

Ftyp -I ^ - Fesc -I ^ , N ~ M ' 



where we have used expression (5.41 1 for Ffyp. Above condition can be fulfilled 
only when the number of individuals M is much smaller than the genome-length 
A'^, as M < 1. The phenomena of stochastic escape occurs only for very small 
populations. 

5.5 Prebiotic evolution 

Prebiotic evolution deals with the question of the origin of life. Is it possible to 
define chemical autocatalytic networks in the primordial soup having properties 
akin to those of the metabolistic reaction networks going on continously in every 
living cell? 



5.5.1 Quasi-species theory 

The quasi-species theory was introduced by Manfred Eigen to describe the evo- 
lution of a system of information carrying macromolecules through a set of equa- 
tions for chemical kinetics, 

—Xi = Xi = WiiXi + Y^^ij^j - ^Mt) ■ (5.46) 

where the Xj denote the concentrations ofi=l...N molecules. Wu is the (autocat- 
alytic) self -replication rate and the off-diagonal terms Wtj (i 7^ j) the respective 
mutation-rates. 
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Mass conservation 

We can choose the flux —x^{t) in Eigen's equations (5.46 1 for prebiotic evolution 
such that the total concentration C, viz the total mass 

C = y Xi 



is conserved for long times. Summing Eq. ( |5.46 ) over i we obtain 
C = I,W,jXj - C<^, <^{t) = Y^WijXjit) , 

ij ij 

for a suitable choice for the field (|)(f), leading to 

d 



(5.47) 



C = (^(1-C), 



dt 



(c-i; 



(^(C-l). 



(5.48) 



The total concentration C{t) will therefore approach 1 for t ^ °° for (|) > 0, which 
we assume here to be the case, implying total mass conservation. In this case the 
autocatalytic rates Wu dominate with respect to the transmolecular mutation rates 

W.jii^j). 

Quasi-species 



We can write the evolution equation (5.46 1 in matrix form 



dt 



■x{t) = {W-l(^)x{t) 



X\ 



(5.49) 



where W is the matrix {W;;}. We assume here for simplicity a symmetric mutation 
matrix Wij = Wjt. The solutions of the linear differential equation (5.49) are then 
given in terms of the eigenvectors exofW: 



Wex = 'kex, 



l^ax4, 



dx = [l-(^{t)]ax 



The eigenvector ex,,^^^ with the largest eigenvalue Xmax will dominate for t ^ °o, 
due to the overall mass conservation ( |5.48[ ). The flux will adapt to the largest 
eigenvalue, 

lim (l,ruix-W)) -^ 0. 



leading to the stationary condition i, — for the evolution Eq. ( |5.49| ) in the long 
time limit. 
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Figure 5.7: Hypercycles of higher order, (a) A hypercycle of order n consists 
of n cyclically coupled self -replicating molecules /, and each molecule provides 
catalytic support for the subsequent molecule in the cycle, (b) A hypercycle 
with a single self-replicating parasitic molecule "par" coupled to it via kpar- The 
parasite gets catalytic support from I2 but does not give back catalytic support to 
the molecules in the hypercycle. 



If W is diagonal (no mutations) a single macromolecule will remain in the 
primordial soup for t ^ 0°. For small but finite mutation rates W,j (z 7^ j), a quasi- 
species will emerge, made-up of different but closely related macromolecules. 

Error catastrophe 

Mass conservation (|5.48|) cannot be retained when the mutation rates become 



too big, viz when the eigenvectors ex become extended. In this case the flux 



(|)(f) diverges, see Eq. (5.47), and the quasi-species model becomes consequently 



inconsistent. This is the telltale sign of the error catastrophe. 



The quasi-species model (5.46) is equivalent to the random energy model for 



microevolution studied in section [54} with the autocatalytic rates Wu correspond- 
ing to the fitness of the x/, which corresponds to the states in genome space. The 



analysis carried through in section 5.3.3 for the occurrence of an error threshold 



is therefore also valid for Eigen's prebiotic evolutionary equations. 

5.5.2 Hypercycles and autocatalytic networks 

The macromolecular evolution equations ( |5.46[ ) do not contain terms describing 
the catalysis of molecule i by molecule j. This process is however important both 
for the prebiotic evolution, as stressed by Manfred Eigen, as well as for the protein 
reaction network in living cells. 

Hypercycles 

Two or more molecules may form a stable catalytic (hyper-) cycle 
when the respective inter-molecular catalytic rates are large enough 
to mutually support their respective synthesis. 
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An illustration of some hypercycles is given by Figs. 5.6 and 5.7 The most likely 
chemical candidate for the constituent molecules is RNA, functioning both enzy- 
matic and as a precursor of the genetic material. One speaks also of an 'RNA 
world' . 

Reaction networks 

We disregard mutations in the following and consider the catalytic reaction equa- 
tions 



Xi = Xi ih + Y, ^ij^j ~ ^ 



(5.50) 
(5.51) 



where the x, are the respective concentrations, the X,- the autocatalytic growth 
rates and the co/j the trans-molecular catalytic rates. The field (|) has been chosen, 
Eq. ( |5.51| ), such that the total concentration C = Yli^i remains constant 



C = £i, = £x, Ui + Y^OiijXj] -C(^ = (1-C)(^ ^ 

forC^l. 

Homogeneous network 

We consider the case of homogeneous 'interactions' ooi^j and uniformly dis- 
tributed autocatalytic growth rates: 



(Oi^j = (0, 



(0,7 = 0, 



h = ai 



(5.52) 



compare Fig. 5.8 leading to 



Xi — X, 



i Xi + (o^xj - (|) I = Xi (Xi + io-(oxi-^ 



(5.53) 



where we have used J^,oc, = 1. The fixed points x* of (5.53 1 are 

X, = a,2a, ...,A^a 



Xi = 



(?l,--t-(0-(|))/(0 





(5.54) 



where the non-zero solution is valid for ?i, — (O — (|) > 0. The flux (ft in Eq. (5.54) 



needs to obey Eq. (5.51 1, as self-consistency condition. 
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Figure 5.8: The autocatalytic growth rates X,- (left axis), as in Eq. (5.52i with 



a = 1, and the stationary solution xj (right axis) of the concentrations, Eq. (5.55 1, 
constituting a pre-biotic quasi-species, for various mean intercatalytic rates co. 
The horizontal axis / = 1,2, ... ,50 denotes the respective molecules. 



Stationary solution 

The case of homogeneous interactions, Eq. (5.52), can be solved analytically. 
Dynamically, the jc/(f) with the largest growth rates X, will dominate and obtain a 
non-zero steady-state concentration xj. We may therefore assume that there exist 

anA^* e [1,A^] such that 

(X/ + (0-4))/(0 N* <i<N 

1< / < A^* ' 



(5.55) 



compare Fig. 5.8 , where N* and (|) are determined by the normalization condition 



A' 
i=N* 

a 
2(0 



^ ?l/ + (0-(^ 

^ (0 

i=N* ^ 

N{N+1)-N*{N*-V 



a 



N 



«.=^^ 



+ 



I' + 

=A'* 
(0-(|)" 



CO 



and by the condition that x* = for i = N* - I: 

V-i+w-4> a(A^*-i; 







(0 



(0 



(0-(|) 
(0 

N+l-N* 

(0-(|) 
(0 



A^+l-A^* 



+ 



(5.56) 



(5.57) 



We eliminate (co - (|)) /(O form Eqs. ( |5.56[ ) and ( |5.57| ) for large N and N* : 
2co 
a 



r*\2 



N^-{N*y-2N*{N-N*) 



N^-2N*N + {N" 



*\2 



*\2 



{N-Ny . 
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Figure 5.9: Top: Evolutionary process of a single (quasi-) species in a fixed fit- 
ness landscape (fixed ecosystem), here with tower-like structures, see Eq. ( |5.31 1. 
Bottom: A coevolutionary process might be regarded as changing the respective 
fitness landscapes. 



The number of surviving species N — N* is therefore 



A^-A^* 




(5.58) 



non-zero for a finite and positive inter-molecular catalytic rate (0. A hypercycle of 
mutually supporting species (or molecules) has formed. 



The origin of life 

The scientific discussions concerning the origin of life are highly controversial to 
date and it is speculative whether hypercycles have anything to do with it. Never- 



theless it is interesting to point out, that Eq. (5.58 ) implies a clear division between 
molecules i = N*,..,N which can be considered to form a primordial 'life form' 
separated by molecules i = 1, ..,A^* — 1 belonging to the 'environment', since the 
concentrations of the later is reduced to zero. This clear separation between par- 
ticipating and non-participating substances is a result of the non-linearity of the 



reaction equations Eq. ( 5.50 1. The linear evolution equations Eq. ( 5.46 1 would, on 



the other hand, result in a continuous density distribution, as illustrated in Fig. 5.3 
for the case of the sharp-peak fitness landscape. One could then conclude, that life 
is possible only via cooperation, resulting from non-linear evolution equations. 
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5.6 Coevolution and game theory 

In the discussion so far we considered first the evolution of a single species and 



secondly in section 5.5.2 the stabilization of an 'ecosystem' made of a hypercycle 



of mutually supporting species. 

Coevolution 

When two or more species form an interdependent ecosystem the evo- 
lutionary progress of part of the ecosystem will generally induce co- 
evolutionary changes also in the other species. 

One can view the coevolutionary process also as a change in the respective fit- 



ness landscapes, see Fig. 5.9 A prominent example of phenomena arising from 



coevolution is the 'Red Queen' phenomenon. 

Red Queen phenomenon 

When two or more species are interdependent then: 'It takes all the 
running, to stay in place' . Quote from the Lewis Carroll's children's 
book "Through the Looking Glass". 

A well-known example of the Red Queen phenomenon is the 'arms race' between 
predator and prey commonly observed in natural ecosystems. 

Avalanches and punctuated equilibrium 

In the chapter on "Cellular automata and self organized criticality" we have dis- 
cussed the Bak and Sneppen model of coevolution. It could explain the occurrence 
of coevolutionary avalanches within a state of punctuated equilibrium. 

Punctuated equilibrium 

Most of the time the ecosystem is in equilibrium, in the neutral phase. 
Due to rare stochastic processes periods of rapid evolutionary pro- 
cesses are induced. 

The term punctuated equilibrium was proposed by Gould and Eldredge in 1972 to 
describe a characteristic feature of the evolution of simple traits observed in fossil 
records. In contrast to the gradualistic view of evolutionary changes, these traits 
typically show long periods of stasis interrupted by very rapid changes. 

The random events leading to an increase in genome optimization might be a 
rare mutation bringing one or more individuals to a different peak in the fitness 
landscape (microevolution) or a coevolutionary avalanche. 

Strategies and game theory 

One is often interested, in contrast to the stochastic considerations discussed so 



184 Statistical modeling of Darwinian evolution 

far, in the evolutionary processes giving rise to very specific survival strategies. 
These questions can be addressed within game theory, which deals with strategi- 
cally interacting agents in economics and beyond. When an animal meets another 
animal it has to decide, to give an example, whether confrontation, cooperation or 
defection is the best strategy. The basic elements of game theory are: 

• Utility 

Every participant, also called agent, plays for himself, trying to maximize 
its own utility. 

• Strategy 

Every participant follows a set of rules of what to do when encountering an 
opponent, the strategy. 

• Adaptive games 

In adaptive games the participants change their strategy in order to maxi- 
mize future return. This change can be either deterministic or stochastic. 

• Zero-sum games 

When the sum of utilities is constant - you can only win what the others 
loose. 

• Nash equilibrium 

Any strategy change by every single participant leads to a reduction of his 
utility. 

Hawks and Doves 

This simple evolutionary game tries to model competition in terms of expected 
utilities between aggressive behavior (by the 'hawk') and peaceful (by the 'dove') 
demeanor. The rules are: 



Dove meets Dove A^d = V/2 They divide the territory. 

Hawk meets Dove A^d = V, ^dh = The Hawk gets all the territory, 

the Dove retreats and gets noth- 
ing. 

Hawk meets Hawk Ahh = (V ~C)/2 They fight, get injured, and win 

half the territory. 

The expected returns, the utilities, can be cast in matrix form, 

Ahh Ahd\ _ f ^{V-C) V 

V 



Adh Add J \ 
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A is denoted the 'payoff matrix. The question is then, under which conditions it 
pays to be peaceful or aggressive. 

Adaption by evolution 

Introduction of reproductive capabilities for the participants turns the hawks-and- 
doves game into an evolutionary game. In this context one considers the behav- 
ioral strategies to result from the expression of distinct alleles. 

The average number of offsprings of a player proportional to its fitness, which 
in turn is assumed to be given by its expected utility, 

XH = (AHHXH+AHDXD-^{t))xH 

} ..< ' (5.59) 

xd = Adhxh +Addxd -W)] ^d 



where xd and xh are the density of doves and hawks respectively and where the 
flux 

W) = xhAhhxh+xhAhdxd+xdAdhxh+xdAddxd 
ensures an overall constant population, xh+xd = I- 
Steady-state solution 



We are interested in the steady-state solution of Eq. ( |5.59| ), with xd = = xh- 
Setting 

Xh = X, Xd = i —X 

we find 

x^,,. _ V ,. .o V C 



2 



and 



W) = j{V-C) + Vx{l-x) + -{l-xy = ---X 



\^^x + V{\-x)-^{t)\x= (^-^x+^{x^-x) 



c ( 2 c+v , w\ c 



2-^U --^■^+^j = -:^x{x~l){x-C/V) 



with 



2 3 4 

X X , , X 



vW = -4V-f-(y+c)--c. 



The steady-state solution is given by 

Y\x) = 0, X = V/C 
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apart from the trivial solution x = (no hawks) and x = I (only hawks). For 
V > C there will be no doves left in the population, but for V < C there will be 
an equilibrium with x = V /C hawks and 1 — V /C doves. A population consisting 
exclusively of cooperating doves (x = 0) is unstable against the intrusion of hawks. 

Prisoner's dilemma 

The payoff matrix of the prisoner's dilemma is given by 

R S \ T > R> P > S cooperator = dove 



"^ ' T PJ 2R>S + T defector = hawk 

(5.60) 
Here 'cooperation' between the two prisoners is implied and not cooperation be- 
tween a suspect and the police. The prisoners are best off if both keep silent. The 
standard values are 

r = 5, i? = 3, P=l, 5 = 0. 

The maximal global utility NR is obtained when everybody cooperates but, in 
a situation where agents interact randomly, the only stable Nash equilibrium is 
when everybody defects, with a global utility NP: 

reward for cooperators = R^ = RNc + S{N — Nc) /N , 



reward for defectors = Rd 



TNc + P{N-Nc) /N 



where Nc is the number of cooperators and A'^ the total number of agents. The 
difference is 

Rc-Rd ~ {R-T)Nc + {S-P)iN-Nc) < 0, 

as R — T <0 and S — P <0. The reward for cooperation is always smaller than 
that for defecting. 

Evolutionary games on a lattice 

The adaptive dynamics of evolutionary games can change completely when the 
individual agents are placed on a regular lattice and when they adapt their strate- 
gies based on past observations. A possible simple rule is the following. 

• At each generation (time step) every agent evaluates its own payoff when 
interacting with its four neighbors, as well as the payoff of its neighbors. 

• The individual agent then compares his own payoff one -by-one with the 
payoffs obtained by his four neighbors. 
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(0) (1) (2) (3) 



(4) (5) (10) (20) 

Figure 5.10: Time series of the spatial distribution of cooperators (grey) and 
defectors (black) on lattice of size N = 40 x 40. The time is given by the 
numbers of generations in brackets. Initial condition: Equal number of de- 
fectors and cooperators, randomly distributed. Parameters for the payoff ma- 
trix, {T;R;P;S} = {3.5;3.0;0.5;0.0} (from Schweitzer, Behera & Muhlenbein, 
2002). 



• The agent then switches his strategy (to cooperate or to defect) to the strat- 
egy of its neighbor if the neighbor did receive a higher payoff. 

This simple rule can lead to complex real- space patterns of defectors intruding 



in a background of cooperators, see Fig. |5.10[ The details depend on the value 
chosen for the payoff matrix. 

Nash equilibria and coevolutionary avalanches 

Coevolutionary games on a lattice lead eventually to an equilibrium state, which 
by definition has to be a Nash equilibrium. If such a state is perturbed from the 
outside, a self-critical coevolutionary avalanche may follow, in close relation to 
the sandpile model discussed in the chapter "Cellular automata and self organized 
criticality" . 
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Exercises 

One dimensional Ising model 

Solve the one dimensional Ising model 



by the transfer matrix method presented in section 5.3.2 and calculate the free energy 
F{T,B), the magnetization M{T,B) and the susceptibility x(r) = lim^^o — ^ij- 
Error catastrophe 



For the prebiotic quasi-species model Eq. ( 5.49[ ) consider tower- like autocatalytic 



reproduction rates Wjj and mutation rates Wij {i ^ j) of the form 

i = j + l 
i / i otherwise 



1 i=\ 
1 - a / > 1 



Wii = <J , ^ ,^ , , Wij = { M- i = i-l 




with a,M± G [0, 1]. Determine the error catastrophe, for the two cases u+ = u- =u 
and M+ = u, u^ = 0. Compare to the results for the tower landscape discussed in 
section 15.3.3 1 



Hint: For the stationary eigenvalue equation (5.491, with i:,- = (/ = 1, . . .), write 
xy+i as a function of Xj and Xy_i. This two-step recursion relation leads to a 2 x 2 
matrix. Consider the eigenvalues/vectors of this matrix, the initial condition for x\, 
and the normalization condition ^,x, < °° valid in the adapting regime. 

Models of Life 

Go to the Internet, e.g. http : //cmol .nbi . dk/ javaapp .phpl and try out a 
few JAVA applets simulating models of life. Select a model of your choices and 
study the literature given. 

Hypercycles 



Consider the reaction Eqs. ( |5.50 ) and ( 5.51| ) iovN = 2 molecules and a homogeneous 



network. Find the fixpoints and discuss their stability. 
Prisoner's dilemma on a lattice 



Consider the stability of intruders in the Prisoner's dilemma (5.60 1 on a square lat 



tice, as the one illustrated in Fig. 5.10 Namely the case of just one and of two 
adjacent defectors/cooperators in a background of cooperators/defectors. Who does 
survive? 

Nash equilibrium 

Examine the Nash equilibrium and its optimality for the following two-player game: 
Each player acts either cautiously or risky. A player acting cautiously always re- 
ceives a low pay-off. A player playing risky gets a high pay-off if the other player 
also takes a risk. Otherwise, the risk-taker obtains no reward. 



5.6 Coevoludon and game theory 189 

Further readings 

A comprehensive account of the earth's biosphere can be found in Smil (2002), a 
review article on the statistical approach to Darwinian evolution in Peliti (1997) 
and Drossel (2001). Further general textbooks on evolution, game-theory and 
hypercycles are Nowak (2006), Kimura (1983), Eigen (1971), Eigen and Schuster 
(1979) and Schuster (2001). For a review article on evolution and speciation see 
Drossel (2001). 

The relation between life and self-organization is further discussed by Kauff- 
man (1993), an review of the prebiotic RNA world can be found in Orgel (1998) 
and critical discussions of alternative scenarios for the origin of life in Orel (1998) 
and Pereto (2005). 

The original formulation of the fundamental theorem of natural selection has 
been given by Fisher (1930), the original introduction of the term 'punctuated 
equilibrium' of Eldredge and Gould (1972). For the reader interested in coevolu- 
tionary games we refer to Ebel and Bornholdt (2002), for an interesting applica- 
tion of game theory to world politics as an evolving complex system see Cederman 
(1997). 
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Chapter 6 

Synchronization Phenomena 



Preface 

Here we consider the dynamics of complex systems constituted of interacting lo- 
cal computational units which have their own non-trivial dynamics. An example 
for a local dynamical system is the time-evolution of an infectious disease in a 
certain city which is weakly influenced by an ongoing outbreak of the same dis- 
ease in another city; or the case of a neuron in a state where it fires spontaneously 
under the influence of the afferent axon potentials. 

A fundamental question is then whether the time evolutions of these local units 
will remain dynamically independent from each other or whether, at some point, 
they will start to change their states all together in the same rhythm. This is the 
notion of 'synchronization' which we will study throughout this chapter. 



6.1 Frequency locking 

Driven harmonic oscillator 

For introductionary purposes we consider the driven harmonic oscillator 

x + yx + (nlx = F (e'^^'+cc.) , Y > . (6.1) 

In the absence of external driving, F = 0, the solution is 



> . _ T^./f ,..2 



x{t)r^e''', X± = -^±y^-(o2, (6.2) 

which is damped/critical/overdamped for y < 2(0o, Y = 2(0o and y > Iooq. 
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Frequency locking 

In the long time limit, t ^ 0°, the dynamics of the system follows the external 
driving, for all F ^0, due the damping y > 0. We therefore consider the ansatz 

x{t) = ae'^^' + cc, (6.3) 

where the amplitude a may contain an additional time-independent phase. Using 



this ansatz for ( |6.1[ ) we obtain 

F = a(-a)^ + z(oy+a)o) 

= -a(a)^-«(oy-a)o) = -a((o + ?X+) (00 + /A,- 



where the eigenfrequencies X± are given by Eq. (6.2 1. The solution for the ampli 



tude a can then be be written in terms of the 'k± or alternatively as 

-F 

a = -J— 2\ — — ■ (6.4) 

[(i)^ - (Oq j - zcoy 

The response becomes divergent, viz a — *> 0°, at resonance 00 = COq and small damp- 
ing y ^ 0. 

General solution 



The driven, damped harmonic oscillator (6.1 1 is an inhomogeneous linear differ- 



ential equation and its general solution is given by the superposition of the special 



solution (6.4) with the general solution of the homogeneous system (6.2). The 
later dies out for ? ^ 00 and the system synchronizes with the external driving 
frequency co. 

6.2 Synchronization of coupled oscillators 

Limiting cycles 

A free rotation 

x{t) = r [cos(a)f + (|)o),sin(co? + (|)o)), 9(0 = aat + Qo, = co 

often occurs (in suitable coordinates) as limiting cycles of dynamical systems, see 
the chapter "Chaos, Bifurcations and Diffusion" . 

Coupled dynamical systems 

We consider a collection of individual dynamical systems / = 1 , . . . jA'^ which have 
limiting cycles with natural frequencies (O/. The coupled system then obeys 

N 

0/ = (O,+ £r,;(0,-,0;), /=1,...,A^, (6.5) 

7=1 
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2.5 

Ae/7i 



Aco=1.0 



" K = 0.9 



K=1.01 



Figure 6.1: The relative phase A6(f) of two coupled oscillators, obeying Eq. 
( |6.7[ ), with Aco = 1 and a critical coupling strength Kc = \. For an undercritical 
coupling strength K = 0.9 the relative phase increases steadily, for an overcritical 
coupling K= 1.01 they lock. 



where the Tij are suitable coupling constants. 

Kuramoto model 

A particularly tractable choice for the coupling constants Yij has been proposed 

by Kuramoto: 

K 

(6.6) 



^iA^u^j) = ^sin(0;-0,), 

where ^ > is the coupling strength and the factor l/N ensures that the model is 
well behaved in the limit N ^ o<^. 



Two coupled oscillators 

We consider first the case N = 2: 



K 



Qi = (Oi + -sin(02-0i; 



02 = (02 + y sin(0i-02) 



or 



A0 = Aoo - iirsin(A0), A0 = 02-0i, Aco = (02 - a»i • 
The system has a fixpoint A0* for which 



d 
dt 



A0* 



0, 



sin(A0* 



Aco 



and therefore 



A0* G [-71/2,71/2], 



K > lAcol . 



(6.7) 



(6.8) 



(6.9) 



We analyze the stability of this fixpoint, using A0 — A0* + 5 and Eq. ( |6.7| ). We 
obtain 



dt 



{KcosAB*)d, 



5(0 = 5oe 



-KcosAe*t 
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The fixpoint is stable since ^ > and cos AG* > 0, due to Eq. ( |6.9[ ). We therefore 
have a bifurcation. 

• For K < |Aa)| there is no phase coherence between the two oscillators, they 
are drifting with respect to each other. 

• For K > |A(jo| there is phase locking and the two oscillators rotate together 
with a constant phase difference. 



This situation is illustrated in Fig. 6.1 

Natural frequency distribution 

We now consider the case of many coupled oscillators, N ^ oo. The individual 
systems have different individual frequencies oo, with a probability distribution 

/CO 
g{(D)d(D = 1. (6.10) 

-oo 

We note that the choice of a zero average frequency 

/oo 
iOg{(o)d(0 = 
-oo 



implicit in (6.10) is actually generally possible, as the dynamics (6.5 1 and (6.6) is 



invariant under a global translation 

with Q. being the initial non-zero mean frequency. 

Order parameter 

The complex order parameter 



1 ^ 



y e'^J (6.11) 



is a macroscopic quantity that can be interpreted as the collective rhythm produced 
by the assembly of the interacting oscillating systems. The radius r{t) measures 
the degree of phase coherence and \\f{t) corresponds to the average phase. 

Molecular-field representation 



We rewrite the order parameter definition ( 6. 1 1 1 as 



^g'(v-e,) = 1 £ g/(e,-e,)^ rsin(v|/-0,) = -£sin(0j-0,) 
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Figure 6.2: Spontaneous synchronization in a network of limit-cycle oscil- 
lators with distributed individual frequencies. Color coding: slowest(red)- 



fastest( violet) natural frequency. With respect to (6.5 1 an additional distribution 
of individual radii r,(?) has bee n assu med, the asterisk denotes the mean field 
re'^ = L,r,-g'^7^' compare Eq. (6.11 1, and the individual radii rj(f) are slowly 
relaxing (from Strogatz, 2001). 



retaining the imaginary component of the first term. Inserting the second expres- 
sion into the governing Eq. ( |6.5| ) we find 



1^ 

e, = (O, + -£sin(0;-0, 



A^' 



(0, + i^r sin(\|/-0,) . 



(6.12) 



J 



The motion of every individual oscillator / = 1, ... ,A^ is coupled to the other os- 
cillators only through the mean field phase \|/, the coupling strength being propor- 
tional to the mean field amplitude r. 

The individual phases 0, are drawn towards the self-consistently determined 
mean phase \|/, as can be seen in the numerical simulations presented in Fig. |6.2[ 
Mean-field theory is exact for the Kuramoto model. It is nevertheless non-trivial 



to solve, as the self-consistency condition (6.1 1 1 needs to be fulfilled. 

Rotating frame of reference 

We consider the thermodynamic limit 



A^ 



r{t) 



Mfit) 



at 
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Figure 6.3: Illustration of the region of locked and drifting natural frequencies 
COi — > CO within the Kuramoto model. 



and transform via 



e, 



0/+\|/ = 0/ + ar, 



0, ^ 0, + ^, 



CO, 



co + fl 



to the rotating frame of reference. The governing equation (6.12) then becomes 

0/ = (Oi-Krsm{Qi) . (6.13) 

This expression is identical to the one for the case of two coupled oscillators, Eq. 
( 6.7[ ), when substituting Kr by K. It then follows directly, that CO, = Kr constitutes 
a special point. 

Drifting and locked components 



Eq. (6.13 1 has a fixpoint 0? for which 0? = and 
Krsm{Q*) = oo,-, |(0/| < Kr, 



e; e [- 






(6.14) 



0* = in the rotating frame of reference means that the participating limit cycles 



oscillate with the average frequency \(/, they are 'locked' to \|/, see Figs. 6.2 and 



For |(0,| > Kr the participating limit-cycle drifts, 0, never vanishes. They do 



however slow down when they approach the locked oscillators, see ( |6.13[ ) and Fig. 

iu 

Stationary frequency distribution 

We denote by 

p(0,a))6?0 

the fraction of drifting oscillators with natural frequency (0 that lie between and 
+ ^0. It obeys the continuity equation 



M(p* 
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where p0 is the respective current density. In the stationary case, p = 0, the sta- 
tionary frequency distribution p(9,(o) needs to be inversely proportional to the 
speed 

= (O-ifrsin(0) . 

The oscillators pile up at slow places and thin out at fast places on the circle. 
Hence 

for CO > 0, where C is an appropriate normalization constant. 
Formulation of the self-consistency condition 



We write the self-consistency condition (6.11 1 as 



(e'^) = (e'®)iocked + (e'®)drifting = re'> = r, (6.16) 

where the brackets (■) denote population averages and where we have used the 
fact that we can set the average phase \|/ to zero. 

Locked contribution 

The locked contribution is 

pKr pKr 

( Aocked = / e'®('")g(co)Ja) = / cos((0*(a)))g(a))Ja), 

J-Kr J-Kr 

where we have assumed g{(£)) = g{—&) for the distribution g((o) of the natural 



frequencies within the rotating frame of reference. Using Eq. (6.14), 

<i(0 = Kr cos%* d%* , 
for 0*(a)) we obtain 

r-jr/2 



(e'^)locked = / cos(0*)g(ii:rsin0*)i^rcos(0*)J0* (6.17) 

J-%/2 

= Kr f cos^{Q*) g{Kr sinQ*) dQ* . 

J-k/2 



Drifting contribution 



The drifting contribution 

(e'®)dnfting = r dd f Jcoe'V(e,co)g(a)) = 

J-n J\(i)\>Kr 
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Figure 6.4: Left: The solution r = y^l —K^/K for the order parameter r in the 
Kuramoto model. 

Right: Normalized distribution for the frequencies of clappings of one chosen 
individual from 100 samplings (Neda et ai, 2000). 



to the order parameter actually vanishes. Physically this is clear: oscillators 
which are not locked to the mean field cannot contribute to the order parame- 
ter. Mathematically it follows from g(co) = g(-(o), p(0 + 71, -co) = p(9,a)) and 



JB 



Second-order phase transition 

The population average (e'^) of the order parameter ( 6. 1 6 1 is then just the locked 



contribution (6.17) 



{e'') ^ {e'') 



locked 



f%/2 

Kr cos2(0*)^(ifrsin0*)J0* 

J-Tl/2 



(6.18) 



For K < Kc Eq. (6.18) has only the trivial solution r = 0, for ^ > Kc a finite 



order parameter r > is stabilized, see Fig. 6.4 We therefore have a second- 
order phase transition, as discussed in the chapter "Cellular automata and self 
organized criticality" . 

Critical coupling 

The critical coupling strength K^ can be obtained considering the limes r — i> 0+ 
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relaxational state ' dy/dt=0 
I > / 

/ dx/dt=0 
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Figure 6.5: Tiie y = Q (thick dashed-dotted lines) and the i = (thick full lines) 



isocline of the Terman-Wang oscillator, Eq. (6.21 ), for a = 5, p = 0.2, £ = 0.1. 



Left: / = 0.5 with the limiting relaxational cycle for £ ^ 1 (thin dotted line with 

arrows). 

Right: / = —0.5 with the stable fixpoint: Pj. 



in Eq. (6.181 



1 = Kcg{0) r cos^eVe* = K,g{0)'^, Kc 

J-Tt/2 2 



ng{0) 



(6.19) 



The self-consistency condition (6.18) can actually be solved exactly with the result 



1- 



K 



Kr 



ng{0) 



(6.20) 



as illustrated in Fig. 6.4 



Physics of rhythmic applause 

A nice application of the Kuramoto model is the synchronization of clapping of 
an audience after a performance, which happens when everybody claps at a slow 
frequency and in tact. In this case the distribution of 'natural clapping frequencies' 
is quite narrow and K > Kc<^ 1/^(0). 

When an individual wants to express especial satisfaction with the perfor- 
mance he/she increases the clapping frequency by about a factor two, as measured 
experimentally, in order to increase the noise level, which just depends on the clap- 



ping frequency. Measurements have shown, see Fig. 6.4, that the distribution of 
natural clapping frequencies is broader when the clapping is fast. This leads to 
a drop in g{0) and it happens that now K < Kc°^ \/g{0). No synchronization is 
possible when the applause is intense. 
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6.3 Synchronization of relaxation oscillators 



The synchronization of the limiting cycle oscillators discussed in Sect. 6.2 is 



very slow, see Fig. |6.2[ as the information between the different oscillators is 
exchanged only indirectly via the molecular-field, which is an averaged quantity. 
Relaxational oscillators, like the van der Pol oscillator discussed in the chapter on 
"Chaos, Bifurcations and Diffusion", do, on the other hand, have a non-uniform 
cycle and the timing of the stimulation of one element by another is important. 
This is in particular a characteristic property of real- world neurons and of many 
models of artificial neurons, like so-called integrate-and-fire models. 

Terman-Wang oscillators 

There are many variants of relaxation oscillators relevant for describing integrate- 
and-fire neurons, starting from the classical Hodgkin-Huxley equations. Here we 
discuss a particularly transparent dynamical system introduced by Terman and 
Wang, namely 

^ = f{x)-y + l f{x) = 3x-x3^2 

y = e{g{x)-y) g{x) = a(l +tanh(x/|3)) ^^"^'^ 

Here x corresponds in neural terms to the membrane potential and / represents the 
external stimulation to the neural oscillator. The amount of dissipation is given by 

ax ay 

For small £ ^ 1 the system takes up energy for membrane potentials |.x:| < 1 and 
dissipates energy for |x| > 1. 

Fixpoints 

The fixpoints are determined via 



X = y = fix)+I 

y = y = g{x) 



by the intersection of the two functions f{x) +1 and g{x), see Fig. 6.5 We find 
two parameter regimes: 

• For / > we have one unstable fixpoint {x*,y*) with x* ~ 0. 

• For / < and |/| large enough we have two additional fixpoints given by the 
crossing of the sigmoid a(l + tanh(x/(3)) with the left branch (LB) of the 
cubic f{x) = 3x — x^ +2, with one fixpoint being stable. 
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Figure 6.6: Sample trajectories y{t) (thick dashed-dotted lines) and the x{t) 



(thick full lines) of the Terman-Wang oscillator ( |6.21| ) for a = 5, P = 0.2, £ = 0. 1 . 
Left: / = 0.5 exhibiting spiking behavior. 
Right: I = —0.5, relaxing to the stable fixpoint. 



The stable fixpoint Pj is indicated in Fig. 6.5 



Relaxational regime 

For the case / > the Terman-Wang oscillator relaxes in the long-time limit to 



a periodic solution, see Fig. |6.5[ which is very similar to the limiting relaxation 
oscillation of the Van der Pol oscillator discussed in the chapter "Chaos, Bifurca- 
tions and Diffusion ". 

Silent and active phases 

In its relaxational regime, the periodic solution jumps very fast (for £ ^ 1) be- 
tween trajectories which approach closely the right branch (RB) and the left 
branch (LB) of the i = isocline. The time-development on the RB and the 



LB are however not symmetric, see Figs. |6.5| and [6^ and we can distinguish two 
regimes: 



Silent phase 



We call the relaxational dynamics close to the LB (x < 0) of the i 
isocline the silent phase or the refractory period. 



Active phase 



We call the relaxational dynamics close to the RB (x > 0) of the x 
isocline the active phase. 











The relative rate of the time-development y in the silent and active phase are de- 



termined by the parameter a, compare Eq. (6.21 1. 

The active phase on the RB is far from the y = isocline for a ^ 1, see 
Fig. |6.5[ and the time-development y is then fast. The silent phase on the LB is. 
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Figure 6.7: Fast threshold modulation for two excitatory coupled Terman-Wang 
o\ it) and 02 = 02(0 which start at time 0. When o\ jumps 
isocline for 02 is raised from C to C^. This induces 02 to 



oscillators (6.21 1 o\ 
at ? = ?i the cubic x 



jump as well. Note that the jumping from the right branches {RB and RBe) back 
to the left braches occurs in the reverse order: 02 jumps first (from Wang, 1999). 



however, always close to the y 
time there. 



isocline and the system spends considerable 



Spontaneously spiking state and separation of time scales 

In its relaxational phase, the Terman-Wang oscillator can therefore be considered 



as a spontaneously spiking neuron, see Fig. 6.6, with the spike corresponding 
to the active phase, which might be quite short compared to the silent phase for 
a> 1. 



The Terman-Wang differential Eqs. (6.21 1 are examples of a standard tech- 
nique within dynamical system theory, the coupling of a slow variable, y, to a fast 
variable, x, which results in a separation of time scales. When the slow variable 



y{t) relaxes below a certain threshold, see Fig. 6.6, the fast variable x{t) responds 
rapidly and resets the slow variable. We will encounter further applications of this 
procedure in the chapter "Elements of Cognitive System Theory". 

Excitable state 

The neuron has an additional phase with a stable fixpoint Pj on the LB (within the 
silent region), for negative external stimulation (suppression) / < 0. The dormant 
state at the fixpoint Pj is 'excitable': A positive external stimulation above a small 
threshold will force a transition into the active phase, with the neuron spiking 
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Figure 6.8: Sample trajectories Xi{t) (lines) for a line of coupled Terman-Wang 
oscillators (6.21 1 f or a = 10, P = 0.2, £ = 0.1 and / = —0.5 in excitable states. 
For t e [20, 100] a driving current A/i = 1 is added to the first oscillator, xi 
then starts to spike, driving one by one the other oscillators via a fast threshold 
modulation. 



continously. 

Synchronization via fast threshold modulation 

Limit-cycle oscillators can synchronize, albeit slowly, via the common molecular 
field, as discussed in Sect. 6.2[ A much faster synchronization can be achieved via 
fast threshold synchronization for a network of interacting relaxation oscillators. 
The idea is simple. Relaxational oscillators have distinct states during their 
cycle, we called them 'silent phase' and 'active phase' for the case of the Terman- 
Wang oscillator. We then assume, that a neural oscillator in its (short) active phase 
changes the threshold / of the other neural oscillator in|6.21|as 



/ + A/, 



A/> 



such that the second neural oscillator changes from an excitable state to the os- 



cillating state. This process is illustrated graphically in Fig. 6.7 In neural terms: 
when the first neuron fires, the second neuron follows suit. 

Propagation of activity 

We consider a simple model 



1 



of / = 1 , 
state with /,■ 
via 



,A^ coupled oscillators Xi{t),yi{t), all being initially in the excitable 
-0.5. They are coupled via fast threshold modulation, specifically 



Aliit) = &{x,^i{t)) 



(6.22) 
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Figure 6.9: (a) A pattern used to stimulate a 20 x 20 LEGION network. 

(b) Initial random activities of the relaxation oscillators. 

(c,d,e,f) Snapshots of the activities at different sequential times. 

(g) The corresponding time-dependent activities of selected oscillators and of the 

global inhibitor (from Wang, 1999). 



where @{x) is the Heaviside step function. That is, we define an oscillator / to be 



in its active phase whenever Xj > 0. The resulting dynamics is shown in Fig. 6.8 



The chain is driven by setting the first oscillator of the chain into the spiking state 
for a certain period of time. All other oscillators start to spike consecutively in 
rapid sequence. 
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6.4 Synchronization and object recognition in neu- 
ral networks 

Temporal correlation theory 

The neurons in the brain have time-dependent activities and can be described by 
generalized relaxation oscillators. The temporal correlation theory assumes that 
not only the average activities of individual neurons (spiking rate) are important, 
but also the relative phasing of the individual spikes. Indeed, experimental evi- 
dence points towards object definition in the visual cortex via synchronized firing. 

LEGION network of coupled relaxation oscillators 

As an example of how object definition via coupled relaxation oscillators can be 
achieved we consider the LEGION ('Local Excitatory Globally Inhibitory Oscil- 
lator Network') network by Terman and Wang. Each oscillator i is defined as 

^i = fix,)-yi + I, + S, + p fix) = 3x-x3^2 

yt = E{gixd-y,) six) = a(l+tanh(x/|3)) " ^""'^^^ 

There are two terms in addition to the ones necessary for the description of a single 
oscillator, compare Eq. ( |6.21 ): 



p : A random-noise term and 
Si : the inter-neural interaction. 

Inter-neural interaction 

The inter-neural interaction is given for the LEGION network by 

S: = £ Ta&ixi~x,) - WMz-Zc) , (6.24) 

leN{i) 



where 0(z) is the Heaviside step function. The parameters have the following 
meaning: 

Inter-neural excitatory couplings. 

Neighborhood of neuron /. 

Threshold determining the active phase. 

Variable for the global inhibitor. 

Coupling to the global inhibitor z. 

Threshold for the global inhibitor. 



Tu>0 

N{i) 

Xc 

z 
-W,<0 

Zc 

Global inhibition 

Global inhibition is a quite generic strategy for neural networks with selective 
gating capabilities. A long-range or global inhibition term assures that only one 
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or only a few of the local computational units are active coinstantaneously. In the 
context of the Terman-Wang LEGION network it is assumed to have the dynamics 

i = (a,-z)(^, (^>0, (6.25) 

where the binary variable O7 is determined by the following rule: 

o^ = 1 if at least one oscillator is active. 

o^ = if all oscillators are silent or in the excitable state. 

This rule is very non-biological, the LEGION network is just a proof of prin- 
ciple for object definition via fast synchronization. When at least one oscillator is 
in its active phase the global inhibitor is activated, z ^ 1, and inhibition is turned 
off whenever the network is completely inactive. 

Simulation of the LEGION network 



A simulation of a 20 x 20 LEGION network is presented in Fig. 6.9 We observe 



• The network is able to discriminate between different input objects. 

• Objects are characterized by the coherent activity of the corresponding neu- 
rons while neurons not belonging to the active object are in the excitable 
state. 

• Individual input objects pop-up randomly one after the other. 

Working principles of the LEGION network 

The working principles of the LEGION network are the following: 

• When the stimulus begins there will be a single oscillator k which will jump 



first into the active phase, activating the global inhibitor (6.25 ) via a^ — ^ 1. 



The noise term ~ p in Eq. (6.23 ) determines the first active unit randomly 
from the set of all units receiving an input signal ~ It, whenever all input 
signals have the same strength. 

The global inhibitor then suppresses the activity of all other oscillators, apart 
from the stimulated neighbors of k, which jump also into the active phase, 
having set the parameters such that 

I + Tik-W^ > 0, I: stimulus 

is valid. The additional condition 

I-W, < 
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assures, that units receiving an input, but not being topologically connected 
to the cluster of active units, are suppressed. No two distinct objects can 
than be activated coinstantaneously. 

• This process continues until all oscillators representing the stimulated pat- 
tern are active. As this process is very fast, all active oscillators fire nearly 



simultaneously, compare also Fig. 6.8 



When all oscillators in a pattern oscillate in phase, they wU also jump back 
to the silent state simultaneously. At that point the global inhibitor is turned 
off: o^ — > in Eq. ( 6.25[ ) and the game starts over again with a different 



pattern. 

Discussion of the LEGION network 

Even though the network performs nicely its task of object recognition via coher- 
ent oscillatory firing, there are a few aspects worth noting: 

• The functioning of the network depends on the global inhibitor which is 
triggered by the specific oscillator which jumps first. This might be difficult 
to realize in biological networks, like the visual cortex, which do not have 
well defined boundaries. 

• The first active oscillator recruits sequentially all other oscillators belong- 
ing to its pattern successively. This happens very fast via the mechanism 
of rapid threshold modulation. The synchronization is therefore not a col- 
lective process in which the input data is processed in parallel, a property 
assumed to be important for biological networks. 

• The recognized pattern remains active exactly for one cycle and no longer. 

We notice, however, that the design of neural networks capable of fast synchro- 
nization via a collective process remains a challenge, since collective processes 
have an inherent tendency towards slowness, due to the need to exchange infor- 
mation, e.g. via molecular fields. Without reciprocal information exchange, a true 
collective state, as an emergent property of the constituent dynamical units, is not 
possible. 

6.5 Synchronization phenomena in epidemics 

There are illnesses, like measles, which come and go recurrently. Looking at the 



local statistics of measle outbreaks, see Fig. 6.10. one can observe that outbreaks 
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Figure 6.10: Observation of the number of infected persons in a study on ill- 
nesses. 

(a) Weekly cases of measle cases in Birmingham (red line) and Newcastle (blue 
line). 

(b) Weekly cases of measle cases in Cambridge (green line) and Norwich (pink 
line) (from He, 2003). 

occur in quite regular time intervals within a given city. Interestingly though, these 
outbreaks can be either in phase (synchronized) or out-of-phase between different 
cities. 

The oscillation in the number of infected persons is definitively not harmonic, 
they share many characteristics with relaxation oscillations, which typically have 



silent and active phases, compare Sect. 6.3 

SIRS model 

A standard approach to model the dynamics of infectious diseases is the SIRS 
model. At any time an individual can belong to one of the three classes: 



S 

I 

R 



susceptible, 

infected, 

recovered. 



The dynamics is governed by the following rules: 

(a) Susceptibles pass to the infected state, with a certain probability, after coming 
into contact with one infected individual. 



(b) Infected individuals pass to the recovered state after a fixed period of time X/. 
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Figure 6.11: Example of the course of an individual infection within the SIRS 
model with an infection time X/ = 1 and a recovery time Xr = 3. The number of 
individuals recovering at time t is just the sum of infected individuals at times 
t — l,t — 2 and t — 3, compare Eq. (|6.26|l. 



(c) Recovered individuals return to the susceptible state after a recovery time Xr, 
when immunity is lost, and the S^I^>R^ S cycle is complete. 

When X/ ^ oo (lifelong immunity) the model reduces to the SIR-model. 

Discrete time model 

We consider a discrete-time SIRS model with t = 1,2,3,... and X/ = 1: The 
infected phase in normally short and we can use it to set the unit of time. The 
recovery time x^ is then a multiple of X/ = 1 . 
We define with 

Xt the fraction of infected individuals at time t, 

St the percentage of susceptible individuals at time t. 



which obey 



k=l 






(6.26) 



as the fraction of susceptible individuals is just one minus the number of infected 
individuals minus the number of individuals in the recovery state, compare Fig. 

Recursion relation 

We denote with a the rate of transmitting an infection when there is a contact 
between an infected and a susceptible individual: 



Xt+l 



ClXtSt 



axt\ 1 — ^ ^t- 



i:« 

E 

k=Q 



(6.27) 



Relation to the logistic map 

For Xr = the discrete-time SIRS model ( |6.27[ ) reduces to the logistic map 

Xf+i = axt{\-xt) , 
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Figure 6.12: Example of a solution to the SIRS model, Eq. (6.27i, for Xr = 5. 
The number of infected individuals might drop to very low values during the 
silent phase in between two outbreaks as most of the population is first infected 
and then immunized during an outbreak. 



which we studied in chapter "Chaos, Bifurcations and Diffusion" . For a < 1 it 

has only the trivial fixpoint.)Cf = 0, the illness dies out. The non-trivial steady-state 

is 

1 



.(1) 



1 



for 1 < a < 3 . 



For a = 3 there is a Hopf bifurcation and for a > 3 the system oscillates with a 
period of two. Eq. |6.27 has a similar behavior, but the resulting oscillations may 
depend on the initial condition and show for x^ ^ X/ = 1 features characteristic 



of relaxation oscillators, see Fig. 6.12 



Two coupled epidemic centers 

We consider now two epidemic centers with variables 



„(1.2) 



.(1,2) 



denoting the fraction of susceptible/infected individuals in the respective cities. 
Different dynamical couplings are conceivable, via exchange or visits of suscep- 
tible or infected individuals. We consider with 






.(1) 



a [Xj +eXf 



(2) 






(xP+exp^).P^ (6.28) 
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Figure 6.13: Time evolution of th e fract ion of infected individuals x^^\t) and 
x^^\t) within the SIRS model, Eq. (6.28 1 for two epidemic centers / = 1,2 with 



recovery times Xr = 6 and infection rates a = 2, see Eq. (6.27i. For a very 
weak coupling e = 0.005 (top) the outbreaks occur out-of -phase, for a moderate 
coupling e = 0.1 (bottom) in phase. 



the visit of a small fraction e of infected individuals to the other center. Eq. ( |6.28[ ) 



determines the time evolution of the epidemics together with (6.26), generalized 
to both centers. 

In-phase vs. out-of-phase synchronization 



We have seen in Sect. 6.2 that a strong coupling of relaxation oscillators during 
their active phase leads in a quite natural way to a fast synchronization. Here 



the active phase corresponds to an outbreak of the illness and Eq. (6.28) indeed 
implements a coupling equivalent to the fast threshold modulation discussed in 



Sect. 6.3 since the coupling is proportional to the fraction of infected individuals. 



In Fig. 6.13 we present the results from a numerical simulation of the coupled 
model, illustrating the typical behavior. We see that the outbreaks of epidemics in 
the SIRS model occur indeed in-phase for a moderate to large coupling constant 
e. For very small coupling e between the two centers of epidemics the synchro- 
nization becomes, on the other hand, anti-phase, as observed sometimes in reality. 



see Fig. 6.10 



Time-scale separation 

The reason for the occurrence of out-of-phase synchronization is the emergence 
of two separate time scales in the limit f /; ^ 1 and e ^ 1 . A small seed ~ eax^^'s^-^' 
of infections in the second city needs substantial time to induce a full-scale out- 
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break, even via exponential growth, when e is too small. But in order to remain 
in phase with the current outbreak in the first city the outbreak occurring in the 
second city may not lag too far behind. When the dynamics is symmetric under 
exchange 1 ^^ 2 the system then settles in anti-phase cycles. 
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Exercises 

Driven harmonic oscillator 

Solve the driven harmonic oscillator, Eq. (6.1 1, for all times t and compare with the 
long-time solution f — > oo, Eqs. ( |6.3| ) and (6.4i. 

Terman Wang oscillator 



Discuss the stability of the fixpoints of the Terman Wang oscillator (6.21 1. Linearize 
the differential equations around the fixpoint-solution and consider the limit P ^ 0. 

SIRS MODEL - analytical 



Find the fixpoints Xt = x* of the SIRS model ( 6.27 ) for all x«, as a function of a and 
study their stability for !« = 0, 1. 

SIRS MODEL - NUMERICAL 



Study the SIRS model ( 6.27 1 numerically for various parameters a and Tr = 0, 1 , 2, 3. 



Try to reproduce the Figs. 6.12 and 6.13 



Further readings 

A nice review of the Kuramoto model, together with historical annotations has 
been published by Strogatz (2000). Some of the material discussed in this chapter 
requires a certain background in theoretical neuroscience, see e.g. Dayan (2001). 
We recommend to the interested reader to take a glance at some of the origi- 
nal research literature, such as the exact solution of the Kuramoto (1984) model, 
the Terman and Wang (1995) relaxation oscillators, the concept of fast threshold 
synchronization (Somers, 1993), the temporal correlation hypothesis for cortical 
networks (Malsburg & Schneider, 1886), and its experimental studies (Gray et 
al, 1989), the LEGION network (Terman & Wang, 1995), the physics of syn- 
chronized clapping (Neda et ah, 2000) and synchronization phenomena within 
the SIRS model of epidemics (He, 2003). 
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Chapter 7 

Elements of Cognitive System 
Theory 



Preface 



The brain is without doubt the most complex adaptive system known to humanity, 
arguably also one of the complex systems we know least about. 

Throughout this book we have considered and developed general guiding prin- 
ciples for the understanding of complex networks and their dynamical properties; 
principles and concepts transcending the details of specific layouts realized in 
real-world complex systems. We follow the same approach here, considering the 
brain as just one example of what is called a cognitive system, a specific instance 
of what one denotes, cum grano sails, a living dynamical system. 

We will treat in a first part general layout considerations concerning dynam- 
ical organizational principles, an example being the role of diffuse controlling 
and homeostasis for stable long-term cognitive information processing. Special 
emphasis will be given to the motivational problem - how the cognitive system 
decides what to do - in terms of survival parameters of the living dynamical sys- 
tem and so-called emotional diffusive control. 

In a second part we will discuss two specific generalized neural networks im- 
plementing various aspects of these general principles, a dense and homogeneous 
associative network (dHAN) for environmental data representation and associative 
thought processes and the simple recurrent network (SRN) for concept extraction 
from universal prediction tasks. 

215 
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7.1 Introduction 

We start with a few basic considerations concerning the general setting. 

What is a cognitive system? 

A cognitive system may be either biological, like the brain, or artificial. It is, in 
both instances, a dynamical system embedded into an environment, with which it 
mutually interacts. 

Cognitive system 

A cognitive system is a continously active complex adaptive system 
autonomously exploring and reacting to the environment with the ca- 
pability to 'survive'. 

For a cognitive system, the only information source about the outside is given, to 
be precise, by its sensory data input stream, viz the changes in a subset of variables 
triggered by biophysical processes in the sensory organs or sensory units. The 
cognitive system does therefore not react directly to environmental events but to 



the resulting changes in the sensory data input stream, compare Fig. 7.1 

Living dynamical systems 

A cognitive system is an instance of a living dynamical system, being dependent 
on a functioning physical support unit, the body. The cognitive system is termi- 
nated when its support unit ceases to work properly. 

Living dynamical system 

A dynamical system is said to 'live' in an abstract sense if it needs to 
keep the ongoing dynamical activity in certain parameter regimes. 

As an example we consider a dynamical variable y{t) > 0, part of the cognitive 
system, corresponding to the current amount of pain or hunger. This variable 
could be directly set by the physical support unit, i.e. the body, of the cognitive 
system, telling the dynamical system about the status of its support unit. 

The cognitive system can influence the value of y{t) indirectly via its motor 
output signals, activating its actuators, e.g. the limbs. These actions will in general 
trigger changes in the environment, like the uptake of food, which in turn will 
influence the values of the respective survival variables. One could then define the 
termination of the cognitive system when y{t) over-passes a certain threshold yc. 
The system 'dies' when y{t) > yc- These issues will be treated further in depth in 
sections ITI^l and |7T2] . 

Cognition vs. intelligence 

A cognitive system is not necessarily intelligent, but it might be in principle. 



7.1 Introduction 



111 



autonomous 
dynamics 



cognitive 
system 



sensory signals 

-< 



survivial variables 



environment 




output signals - actions 



Figure 7. 1 : A cognitive system is placed in an environment (compare Sect. 7.2.4 1 
from which it receives two kinds of signals. The status of the survival parame- 



ters, which it needs to regulate (see Sect. 7.3.2), and the standard sensory input 



The cognitive system generates output signals, via its autonomous dynamics, 
which act back onto the outside world, viz the environment. 



Cognitive system theory presumes that artificial intelligence can be achieved only 
once autonomous cognitive systems have been developed. This stance contrasts 
somewhat with the usual paradigm of artificial intelligence (AI), which follows an 
all-in-one-step approach to intelligent systems. 

Universality 

Simple biological cognitive systems are dominated by cognitive capabilities and 
algorithms hard-wired by gene expression. These features range from simple 
stimulus-response reactions to sophisticated internal models for limb-dynamics. 

A priori information is clearly very useful for task solving in particular and 
for cognitive systems in general. A main research area in AI is therefore the 
development of efficient algorithms making maximal use of a priori information 
about the environment. A soccer-playing robot does normally not acquire the ball 
dynamics from individual experience. Newton's law is given to the robot by its 
programmer and hard-wired within its code lines. 

Cognitive system theory examines, on the other hand, universal principles and 
algorithms necessary for the realization of an autonomous cognitive system. This 
chapter will be devoted to the discussion and to possible implementations of such 
universal principles. 

A cognitive system should therefore be able to operate in a wide range of 
environmental conditions, performing tasks of different kinds. A rudimentary 
cognitive system does not need to be efficient. Performance-boosting specialized 
algorithms can always be added afterwards. 

Multitude of possible formulations 

Fully functional autonomous cognitive systems may possibly have very different 
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conceptual foundations. The number of consistent approaches to cognitive system 
theory is not known, it may be substantial. This is a key difference to other areas 
of research treated in this book, like graph theory, and somewhat akin to ecology, 
as there are a multitude of fully functional ecological systems. 

It is, in any case, a central challenge to scientific research to formulate and 
to examine self-consistent building principles for rudimentary but autonomous 
cognitive systems. The venue treated in this chapter represents a specific approach 
towards the formulation and the understanding of the basic requirements needed 
for the construction of a cognitive system. 

Biologically inspired cognitive systems 

Cognitive system theory has two long-term targets: To understand the functioning 
of the human brain and to develop an autonomous cognitive system. The realiza- 
tion of both goals is still far away, but they may be combined to a certain degree. 
The overall theory is however at an early stage and it is presently unclear to which 
extent the first implemented artificial cognitive systems will resemble our own 
cognitive organ, the brain. 

7.2 Foundations of cognitive system theory 
7.2.1 Basic requirements for the dynamics 

Homeostatic Principles 

Several considerations suggest that self -regulation via adaptive means, viz home- 
ostatic principles, are widespread in the domain of life in general and for biologi- 
cal cognitive systems in particular. 

• There are concrete instances for neural algorithms, like the formation of 
topological neural maps, based on general, self-regulating feedback. An 
example is the topological map connecting the retina to the primary optical 
cortex. 

• The number of genes responsible for the development of the brain is rela- 
tively low, perhaps a few thousands. The growth of about 100 billion neu- 
rons and of around 10^^ synapses can only result in a functioning cognitive 
system if very general self-regulating and self-guiding algorithms are used. 

• The strength and the number of neural pathways interconnecting different 
regions of the brain or connecting sensory organs to the brain may vary 
substantially during development or during lifetime, e.g. as a consequence 
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of injuries. This implies, quite generally, that the sensibility of neurons to 
the average strength of incoming stimuli must be adaptive. 

It is tempting to speak in this context of 'target-oriented self-organization', since 
mere "blind", viz basic self-organizational processes might be insufficient tools 
for the successful self -regulated development of the brain in a first step and of the 
neural circuits in a second step. 
Self-sustained dynamics 

Simple biological neural networks, e.g. the ones in most worms, just perform 
stimulus-response tasks. Highly developed mammal brains, on the other side, 
are not directly driven by external stimuli. Sensory information influences the 
ongoing, self-sustained neuronal dynamics, but the outcome cannot be predicted 
from the outside viewpoint. 

Indeed, the human brain is by-the-large occupied with itself and continously 
active even in the sustained absence of sensory stimuli. A central theme of cog- 
nitive system theory is therefore to formulate, test and implement the principles 
which govern the autonomous dynamics of a cognitive system. 

Transient-state vs. fluctuation dynamics 

There is a plurality of approaches for the characterization of the time development 
of a dynamical system. A key questions in this context regards the repeated occur- 
rence of well-defined dynamical states, that is of states allowing for a well defined 
characterization of the current dynamical state of the cognitive system, like the 



ones illustrated in Fig. 7.2 

Transient states 

A transient state of a dynamical system corresponds to a quasi- 
stationary plateau in the value of the variables. 

Transient-state dynamics can be defined mathematically in a rigorous way. It is 
present in a dynamical system if the governing equations of the system contain 
parameters which regulate the length of the transient state, viz whenever it is pos- 
sible, by tuning theses parameters, to prolong the length of the plateaus arbitrarily. 
Several experiments indicate the occurrence, for the case of the human brain, 
of spontaneously activated transient neural activity patterns in the cortex|^ It is 
therefore natural to assume, that both fluctuating and states corresponding to tran- 
sient activity are characteristic for biological inspired cognitive systems. In this 
chapter we will emphasis especially the transient state dynamics and discuss the 
functional roles of the transient attractors generated by this kind of dynamics. 

'See, e.g., Abeles et al. (1995) and Kenet et al. (2003). 
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time 

Figure 7.2: Illustration of fluctuating (top) and transient-state (bottom) dynam- 
ics. 



Competing dynamics 

The brain is made up of many distinct regions which are highly interconnected. 
The resulting dynamics is thought to be partly competing. 

Competing dynamics 

A dynamical system made up of a collection of interacting centers is 
said to show competing dynamics if active centers try to suppress the 
activity level of the vast majority of competing centers. 

In neural-network terminology, competing dynamics is also called a 'winners- 
take-all' setup. In the extreme case, when only a single neuron is active at any 
given time, one speaks of a 'winner-take-all' situation. 

Winning coalition 

In a winners -take- all network the winners are normally formed by an 
ensemble of mutually supportive centers, which one also denotes by 
the 'winning coalition' . 

A winning coalition needs to be stable for a certain minimal period of time, in 
order to be well characterized. Competing dynamics therefore results frequently 
in transient- state dynamics. 

Competing dynamics in terms of dynamical forming winning coalitions is a 
possible principle for achieving the target- oriented self-organization, needed for 
a self-regulating autonomously dynamical systems. We will treat this subject fur- 
ther in detail in section l74l 

States-of-the-mind and the global workspace 

A highly developed cognitive system is capable to generate autonomously a 



1.2 Foundations of cognitive system theory 111 

very large number of different transient states, which represent the 'states-of-the- 
mind' . This feature plays an important role in present-day investigations of the 
neural correlates of consciousness, which we shortly mention now for complete- 
ness. We will not discuss the relation of cognition and consciousness any further 
in this chapter. 

Edelman and Tononj^have argued, that these states-of-the-mind can be char- 
acterized by 'critical reentrant events', constituting transient conscious states 
in the human brain. Several authors have proposed the notion of a 'global 
workspace'. This workspace would be the collection of neural ensembles con- 
tributing to global brain dynamics. It could serve, beside others, as an exchange 
platform for conscious experience and working memorjjj The constituting neu- 
ral ensembles of the global workspace have also been dubbed 'essential nodes', 
i.e. ensembles of neurons responsible for the explicit representation of particular 
aspects of visual scenes or other sensory informatiorQ 

Spiking vs. non-spiking dynamics 

Neurons emit an axon potential called spike which lasts about a millisecond. They 
then need to recover for about 10ms, the refractory period. Is it then important 
for a biologically inspired cognitive system to use spiking dynamics? We note 
here in passing, that spiking dynamics can be generated by interacting relaxation 
oscillators, as discussed in the chapter on "Synchronization Phenomena" . 

The alternative would be to use a network of local computational units which 
have a continously varying activity, somewhat akin to the average spiking intensity 
of neural ensembles. There are two important considerations in this context: 

• It seems presently not plausible that spiking dynamics is a condition sine 
qua non for a cognitive system. It might be suitable for a biological system, 
but not a fundamental prerequisite. 

• Typical spiking frequencies are in the range of 5-50 spikes per second. A 
typical cortical neuron receives input from about ten thousand other neu- 
rons, viz 50-500 spikes per millisecond. The input signal for typical neurons 
is therefore quasi-continuous. 

Exact timing of neural spikes is clearly important in many areas of the brain, 
e.g. for the processing of acoustic data. Individual incoming spikes are also of 
relevance, when they push the post-synapic neuron above the firing threshold. 



^See Edelman and Tononi (2000). 

^See Dehaene and Naccache (2003) and Baars and Franklin (2003). 

4t 



*See Crick and Koch (2003). 
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The considerations listed above indicate however a reduced importance of precise 
spike timing for the average all-purpose neuron. 

Continuous vs. discrete time dynamics 

Neural networks can be modeled either by using a discrete time formulation t = 
1 , 2, 3, . . or by employing continuous time t G [0, oo] . 

Synchronous and asynchronous updating 

A dynamical system with discrete time is updated synchronously 
(asynchronously) when all variables are evaluated simultaneously 
(one after another). 

For a continuous -time formulation there is no difference between synchronous and 
asynchronous updating, it matters however for a dynamical system with discrete 
time, as we discussed in the chapter on "Random Boolean Networks". 

The dynamics of a cognitive system needs to be stable. This condition re- 
quires that the overall dynamical feature cannot depend, e.g., on the number of 
components and on the local numerical updating procedure. Continuous time is 
therefore the only viable option for real-world cognitive systems. 

Continuous dynamics and online learning 

Above considerations indicate, that a biologically inspired cognitive system should 
be continously active. 

Online learning 

When a neural-network type system learns during its normal mode 
of operation one speaks of 'online learning'. The case of 'offline 
learning' is given when learning and performance are separated in 
time. 

Learning is a key aspect of cognition and online learning is the only possible 
learning paradigm for an autonomous cognitive system. Consequently there can 
be no distinct training and performance modes. We will come back to this issue 
in section lT.4.3[ 



7.2.2 Cognitive information processing vs. diffusive control 

A cognitive system is an (exceedingly) complex adaptive system per excellence. 
As such it needs to be adaptive on several levels. 

Biological considerations suggest to use a network of local computational 
units with primary variables Xj = (x^.xj,...). Typically x^ would correspond to 
the average firing rate and the other xf (a = 1,..) would characterize different 



1.2 Foundations of cognitive system theory 223 

dynamical properties of the ensemble of neurons represented by the local compu- 
tational unit as well as the (incoming) synaptic weights. 

The cognitive system, as a dynamical system, is governed by a set of differen- 
tial equations, such as 

Xi = fi{xi,...,X!^), i=\,...,N. (7.1) 



Primary and secondary variables 



The functions fi governing the time evolution (7.1 1 of the primary variables {f,} 
generally depend on a collection of parameters {y,}, such as learning rates, firing 
thresholds, etc.: 

fi{xu..jN) = /!(Yi, 72, •••1^1,^2, •••)• (7-2) 



The time evolution of the system is fully determined by Eq. (7.1 ) whenever the 
parameters jj are un-mutable, that is genetically predetermined. Normally the 
cognitive system needs however to adjust a fraction of these parameters with time, 
viz 

ji = gi{yi,y2,-\xux2,-) , (7.3) 

In principle one could merge the {xj} and the {y,} into one large set of dynam- 
ical variables {yi} = {jtlxj}. It is however meaningful to keep them separated 
whenever their respective time evolution differs qualitatively and quantitatively. 

Fast and slow variables 

When the average rate-changes of two variables x = x{t) and y = y{t) 
are typically very different in magnitude, \x\ ^ \y\, then one calls x{t) 
the fast variable and y{t) the slow variable. 

The parameters {jj} are, per definition, slow variables. One can then name them 
also 'secondary variables' as they follow the long-term average of the primary 
variables {xt}. 

Adaptive parameters 

A cognitive system needs to self-adapt over a wide range of structural organiza- 



tions, as discussed in section 7.2.1 Many parameters relevant for the sensibility 
to presynaptic activities, for short-term and long-term learning, to give a few ex- 
amples, need therefore to be adaptive, viz time dependent. 

Meta learning 

The time evolution of the slow variables, the parameters, is called 
'meta learning' in the context of cognitive system theory. 
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Figure 7.3: General classification scheme for the variables and the parameters of 
a cognitive system. The variables can be categorized as primary variables and as 
secondary variables (parameters). The primary variables can be subdivided into 
the variables characterizing the current state of the local computational units x 
and into generalized synaptic weights w. The 'parameters' y are slow variables 
adjusted for homeostatic regulation. The true un-mutable (genetically predeter- 
mined) parameters are the y. 



With (normal) learning we denote the changes in the synaptic strength, i.e. the 
connections between distinct local computational units. Learning (of memories) 
therefore involves part of the primary variables. 

The other primary variables characterize the current state of a local compu- 
tational unit, such as the current average firing rate. Their time evolution corre- 



sponds to the actual cognitive information processing, see Fig. 7.3 

Diffusive control 

Neuromodulators, like dopamine, serotonin, noradrenaline and acetylcholine, 
serve in the brain as messengers for the transmission of general information about 
the internal status of the brain, and for overall system-state control. A release 
of a neuromodulator by the appropriate specialized neurons does not influence 
individual target neurons, but extended cortical areas. 

Diffusive control 

A signal by a given part of a dynamical system is called a 'diffu- 
sive control signal' if it tunes the secondary variables in an extended 
region of the system. 

A diffusive control signal does not influence directly the status of individual com- 
putational units, i.e. their primary variables. Diffusive control has a wide range of 
tasks. It plays an important role in meta learning and reinforcement learning. 
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As an example of the utility of diffusive control signals we mention the 'learn- 



ing from mistakes' approach, see section 7.2.4 Within this paradigm synaptic 
plasticities are degraded after an unfavorable action had been performed. For this 
purpose a diffusive control signal is generated by a mistake with the effect that all 
previously active synapses are weakened. 



7.2.3 Basic layout principles 

There is, at present, no fully developed theory for real-world cognitive systems. 
Here we discuss some recent proposals for a possible self-consistent set of re- 
quirements for a biologically inspired cognitive system. 

(A) Absence of a priori knowledge about the environment 

Pre-programmed information about the outside world is normally a neces- 
sary ingredient for the performance of robotic systems at least within the 
artificial-intelligence paradigm. A rudimentary cognitive system needs to 
perform, however, dominantly on the base of universal principles. 

(B) Locality of information processing 

Biologically inspired models need to be scalable and adaptive to struc- 
tural modifications. This rules out steps in information processing needing 
non-local information, as it is the case for the standard back-propagation 
algorithm, viz the minimization of a global error function. 

(C) Modular architecture 

Biological observations motivate a modular approach, with every individ- 
ual module being structurally homogeneous. An autonomous cognitive sys- 
tem needs modules for various cognitive tasks and diffusive control. Well- 
defined interface specifications are then needed for controlled inter-modular 
information exchange. Homeostatic principles are necessary for the deter- 
mination of the inter- module connections, in order to allow for scalability 
and adaptability to structural modifications. 

(D) Meta learning via diffusive control 

Meta learning, i.e. the tuning of control parameters for learning and sensi- 
tivity to internal and external signals, occurs exclusively via diffusive con- 
trol. The control signal is generated by diffusive control units, which ana- 
lyze the overall status of the network and become active when certain con- 
ditions are achieved. 
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(E) Working-point optimization 

The length of the stability-interval of the transient states relative to the 
length of transition-time from one 'state-of-mind' to the next (the working- 
point of the system) needs to be self-regulated by homeostatic principles. 

Learning influences the dynamical behavior of the cognitive system in gen- 
eral and the time scales characterizing the transient- state dynamics in par- 
ticular. Learning rules need therefore to be formulated in a way that au- 
tonomous working-point optimization is guaranteed. 

The central challenge 

The discovery and understanding of universal principles, especially for cognitive 
information processing, postulated in (A)-(F) is the key for ultimately understand- 



ing the brain or for building an artificial cognitive system. In section 7.5 we will 
dicuss an example for a universal principle, namely environmental model building 
via universal prediction tasks. 

Minimal set of 'genetic knowledge' 

No cognitive system can be universal in a strict sense. Animals, to give an exam- 
ple, do not need to learn that hunger and pain are negative reward signals. This 
information is genetically preprogrammed. Other experiences are not genetically 
fixed, e.g. some humans like the taste of coffee, others do not. 

No cognitive system could be functioning with strictly zero a priori knowl- 
edge, it would have no 'purpose'. A minimal set of goals is necessary, as we will 



discuss further in depth in section 7.3 A minimal goal of fundamental signifi- 
cance is to 'survive' in the sense that certain internal variables need to be kept 
within certain parameter ranges. A biological cognitive system needs to keep 
the pain and hunger signals, it receives from its own body, at low average levels, 
otherwise its body would die. An artificial system could be given corresponding 
tasks. 

Consistency of local information processing with diffusive control 

We note, that the locality principle (B) for cognitive information processing is con- 
sistent with non-local diffusive control (D). Diffusive control regulates the overall 
status of the system, like attention focusing and sensibilities, but it does not influ- 
ence directly the actual information processing. 

Logical reasoning vs. cognitive information processing 

Very intensive research on logical reasoning theories is carried out in the con- 
text of AI. From (A) it follows that logical manipulation of concepts is however 
not suitable as a basic framework for universal cognitive systems. Abstract con- 
cepts cannot be formed without substantial knowledge about the environment, but 
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this knowledge is acquired by an autonomous cognitive system only step-by-step 
during its 'lifetime'. 

7.2.4 Learning and memory representations 

With 'learning' one denotes quite generally all modifications which influence the 
dynamical state and the behavior. One distinguishes the learning of memories and 
actions. 

Memories 

By memory one denotes the storage of a pattern found within the 
incoming stream of sensory data, which presumably encodes infor- 
mation about the environment. 

The storage of information about its own actions, i.e. about the output signals of a 
cognitive system is also covered by this definition. Animals do not remember the 
output signal of the motor cortex directly, but the optical or acoustical response of 
the environment as well as the feedback of its body via appropriate sensory nerves 
embedded in the muscles. 

Outside world - the cognitive system as an abstract identity 

A rather philosophical question is whether there is, from the perspective of a 
cognitive system, a true outside world. The alternative would be to postulate that 
only the internal representations of the outside world, the environment, are known 
to the cognitive system. For all practical purposes it is useful to postulate an 
environment existing independently of the cognitive system. 

It is, however, important to realize that the cognitive system per se is an ab- 
stract identity, the dynamical activity patterns. The physical support, i.e. the com- 
puter chips and the brain tissue, are not part of the cybernetic or of the human 
cognitive system respectively. We, as cognitive systems, are abstract identities 
and the physical brain tissue belongs therefore also to our environment! 

One may differentiate this statement to a certain extend, as direct manipula- 
tions of our neurons could change the brain dynamics directly. This could possibly 
occur without our external and internal sensory organs noticing the manipulatory 
process. In this respect the brain tissue is distinct from the rest of the environ- 
ment, since changes in the rest of the environment influence the brain dynamics 
exclusively via internal, such as a pain signal, or external, e.g. an auditory signal, 
sensory inputs. 

For practical purposes, when designing an artifical environment for a cognitive 
system, the distinction between a directly observable part of the outside world and 
the non-observable part becomes important. Only the observable part generates. 
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per definition, sensorial stimuli, but one needs to keep in mind that the actions of 
the cognitive system may influence also the non-observable environment. 

Classification of learning procedures 

It is customary to broadly classify possible learning procedures. We discuss 
shortly the most important cases of learning algorithms, for details we refer to 
the literature. 

• Unsupervised learning 

The system learns completely by itself, without any external teacher. 

• Supervised learning 

Synaptic changes are made 'by hand', by the external teacher and not deter- 
mined autonomously. Systems with supervised learning have in most cases 
distinguished periods for training and performance (recall). 

• Reinforcement learning 

Any cognitive system faces the fundamental dilemma of action selection, 
namely that the final success or failure of a series of actions may be evalu- 
ated often only in the end. When playing a board game one knows only in 
the end whether one wins or looses. 

Reinforcement learning denotes strategies which allow to employ the pos- 
itive or negative reward signal obtained at the end of a series of actions to 
either rate the actions taken or to reinforce the problem solution strategy. 

• Learning from mistakes 

Random action selection will normally result in mistakes and not in suc- 
cess. In normal life learning from mistakes is therefore by far more impor- 
tant than learning from positive feedback. 

• Hebbian learning 

Hebbian learning denotes a specific instance of a linear synaptic modifica- 
tion procedure in neural networks. 

- Spiking neurons 

For spiking neurons Hebbian learning results in a long-term potentia- 
tion (LTP) of the synaptic strength when the presynaptic neuron spikes 
shortly before the postsynaptic neuron (causality principle). The re- 
versed spiking timing results in long-term depression (LTD). 

- Neurons with continuous activity 

The synaptic strength is increased when both post- and pre-synaptic 



1.2 Foundations of cognitive system theory 229 

neurons are active. Normally one assumes the synaptic plasticity to be 
directly proportional to the product of post- and pre- synaptic activity 
levels. 

Learning within an autonomous cognitive system 

Learning within an autonomous cognitive system with self-induced dynamics is, 
strictly speaking, all unsupervised. Direct synaptic modifications by an external 
teacher are clearly not admissible. But also reinforcement learning is, at its basis, 
unsupervised, as the system has to select autonomously what it accepts as a reward 
signal. 

The different forms of learning are however significant when taking the in- 
ternal subdivision of the cognitive system into various modules into account. In 
this case a diffusive control unit can provide the reward signal for a cognitive in- 
formation processing module. Also internally supervised learning is conceivable. 

Runaway synaptic growth 

Learning rules in a continously active dynamical system need careful consid- 
erations. A learning rule might forsee fixed boundaries, viz limitations, for the 
variables involved in learning processes and for the parameters modified during 
meta-leaming. In this case learning might potentially lead, when the parameter 
involved reaches the limit, to saturation, which is suboptimal for information stor- 
age and processing. With no limits encoded the continuous learning process might 
lead to unlimited synaptic weight growth. 

Runaway learning 

When a specific learning rule acts over time continously with the 
same sign, it might lead to an unlimited growth of the affected vari- 
ables. 

Any instance of runaway growth needs to be avoided, as it will inevitable lead 
the system out of suitable parameter ranges. This is an example of the general 



problem of 'working -point optimization', see section 7.2.3 

A possible solution, for the case of Hebbian learning, is to adapt the sum of 
active incoming synaptic strengths towards a constant value. This procedure leads 
to both LTP and LTD, an explicit rule for LTD is then not necessary. 

Biological memories 

Higher mammalian brains are capable of storing information in several distinct 
ways. Both experimental psychology and neuroscience are investigating the dif- 
ferent storage capabilities, suitable nomenclatures have been developed. Four 
types of biophysical different storing mechanisms have been identified so far: 
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(i) Long-term memory 

The brain is made up by a network of neurons which are interconnected 
via synapses. All long-term information is therefore encoded, directly or 
indirectly, in the respective synaptic strengths. 

(ii) Short-term memory 

The short-term memory corresponds to transient modifications of the 
synaptic strength. These modifications decay after a characteristic time, 
which may be of the order of minutes. 

(iii) Working memory 

The working memory corresponds to firing states of individual neurons or 
neuron ensembles which are kept active for a certain period, up-to several 
minutes, even after the initial stimulus has subsided. 

(iv) Episodic memory 

The episodic memory is mediated by the Hippocampus, a separate neural 
structure. The core of the Hippocampus, called CA3, contains only about 
3-10^ neurons (for humans). All daily episodic experiences, from the visit 
to the movie theater to the daily quarrel with the spouse, are kept active by 
the Hippocampus. A popular theory of sleep assumes that fixation of the 
episodic memory in the cortex occurs during dream phases when sleeping. 



We will treat in section 7.4 a generalized neural network layout implementing 
both short-term as well as long-term synaptic plasticities, discussing the role of 
their interplay for long-term memory formation. 

Learning and memory representations 

The representation of the environment, via suitable filtering of prominent patterns 
from the sensory input-data stream, is a basic need for any cognitive system. We 
discuss a few important considerations. 

• Storage capacity 

Large quantities of new information needs to be stored without erasing 
essential memories. 

Sparse/distributed coding 

A network of local computational units in which only a few 
units are active at any given time is said to use 'sparse coding'. 
If on the average half of the neurons are active one speaks of 
'distributed coding'. 
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Neural networks with sparse coding have substantially higher storage ca- 
pacity than neural networks with an average activity of 1/2. The later have 
a storage capacity scaling only linearly with the number of nodes. A typical 
value for the storage capacity is in this case 14%, with respect to the system 
sizelj 

In the brain only a few percent of all neurons are active at any given time. 
Whether this occurs in order to minimize energy consumption or to maxi- 
mize the storage capacity is not known. 

• Forgetting 

No system can acquire and store new information forever. There are very 
different approaches on how to treat old information and memories. 

Catastrophic forgetting and fading memory 
One speaks of 'catastrophic forgetting' if all previously stored 
memories are erased whenever the system over-passes its stor- 
ages capacity. The counterpoint is called 'fading memory'. 

Recurrent neural networkqj with distributed coding forget catastrophically. 
Cognitive systems can only work with a fading memory, when old informa- 
tion is overwritten slowly]^ 

• The embedding problem 

There is no isolated information. Any new information is only helpful if the 
system can embed it into the web of existing memories. This embedding, at 
its basic level, needs to be an automatic process, since any search algorithm 
would blast away any available computing power. 



In section 7.4 we will present a cognitive module for environmental data 



representation which allows for a crude but automatic embedding. 

Generalization capability 

The encoding used for memories must allow the system to work with noisy 
and incomplete sensory data. This is a key requirement which one can re- 
gard as a special case of a broader generalization capability necessary for 
universal cognitive systems. 

An efficient data storage format would allow the system to automatically 
find, without extensive computations, common characteristics of distinct 



^This is a standard result for so-called Hopfield neural networks, see e.g. Ballard (2000). 
^A neural network is denoted 'recurrent' when loops dominate the network topology. 
^For a mathematically precise definition, a memory is termed fading when forgetting is scale- 
invariant, viz having a power-law functional time dependence. 
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input patterns. If all patterns corresponding to "car" contain elements cor- 
responding to "tires" and "windows" the data representation should allow 
for an automatic prototyping of the kind "car = tires + windows". 

Generalization capabilities and noise tolerance are intrinsically related. 
Many different neural-network set-ups have this property, due to distributed 
and overlapping memory storage. 

7.3 Motivation, benchmarks and target-oriented self- 
-organization 

Key issues to be considered for the general layout of a working cognitive system 
are: 

• Cognitive information processing 

Cognitive information processing involves the dynamics of the primary 



variables, compare section [7X3J We will discuss a possible modular layout 
in section 173711 

Diffusive control 

Diffusive control is at the heart of homeostatic self -regulation for any cog- 
nitive system. The layout of the diffusive control depends to a certain extent 
on the specific implementation of the cognitive modules. We will therefore 
restrict ourselves here to general working principles. 

Decision processes 

Decision making in a cognitive system will depend strongly on the specifics 

of its layout. A few general guidelines may be formulated for biologically 



inspired cognitive systems, we will discuss them in section 7.3.2 



7.3.1 Cognitive tasks 

Basic cognitive tasks 

A rudimentary cognitive system needs at least three types of cognitive modules. 
The individual modules comprise cognitive units for 

(a) environmental data representation via unsupervised learning (compare sec- 



tion 7.2.4), 



(b) modules for model-building of the environment via internal supervised learn- 
ing and 
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(c) action- selection modules via learning by reinforcement or learning by error. 

We mention here in passing, that the assignment of these functionalities to specific 
brain areas is an open issue, one possibility being a delegation to the cortex, the 
cerebellum and to the basal ganglia respectively. 

Data representation and model building 



In section 7.4 we will treat further in depth the problem of environmental data rep- 
resentation and automatic embedding. Let us note here, that the problem of model 
building is not an all-in-one- step operation. Environmental data representation 
and basic generalization capabilities normally go hand-in-hand, but this feature 
falls far short of higher abstract concept generation. 

An example of a basic generalization process is, to be a little more concrete, 
the generation of the notion of a "tree" derived by suitable averaging procedures 
out of many instances of individual trees occurring in the visual input data stream. 

Time-series analysis and model building 

The analysis of the time sequence of the incoming sensory data has a high biolog- 
ical survival value and is, in addition, at the basis of many cognitive capabilities. 
It allows for quite sophisticated model building and for the generation of abstract 



concepts. In section [73] we will treat a neural-network setup allowing for universal 
abstract concept generation, resulting from the task to predict the next incoming 
sensory data. A task which is independent of the nature of the sensory data and 
in this sense universal. When applied to a linguistic incoming data stream, the 
network generates, with zero prior grammatical knowledge, concepts like 'verb', 
'noun' and so on. 

7.3.2 Internal benchmarks 

Action selection occurs in an autonomous cognitive system via internal reinforce- 
ment signals. The reward signal can be either genetically predetermined or inter- 
nally generated. To give a high-level example: We might find it positive to win a 
chess game if playing against an opponent but we may also enjoy loosing when 
playing with our son or daughter. Our internal state is involved when selecting the 
reward signal. 

We will discuss the problem of action selection by a cognitive system first on 
a phenomenological level and then relate these concepts to the general layout in 
terms of variables and diffusive control units. 

Action selection 

Two prerequisites are fundamental to any action taking by a cognitive system: 
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(a) Objective 

No decision can be taken without an objective of what to do. A goal can be 
very general or quite specific. "/ am bored, I want to do something interest- 
ing " would result in a general explorative strategy, whereas "/ am thirsty 
and I have a cup of water in my hand" will result in a very concrete action, 
namely drinking. 

(P) Situation evaluation 

In order to decide between many possible actions the system needs to eval- 
uate them. We define by 'situation' the combined attributes characterizing 
the current internal status and the environmental conditions. 



situation = (internal status) + (environmental conditions) 
situation — * value 



The situation '(thirsty) + (cup with water in my hands)' will normally be 
evaluated positively, the situation '(sleepy) + (cup with water in my hand)' 
on the other side not. 

Evaluation and diffusive control 

The evaluation of a situation goes hand- in-hand with feelings and emotions. Not 
only for most humans, the evaluation belongs to the domain of diffusive control. 



The reason being that the diffusive control units, see section [7.2.2[ are responsible 
to keep an eye on the overall status of the cognitive system, they need to evaluate 
the internal status constantly in relation to what happens in the outside world, viz 
in the sensory input. 

Primary benchmarks 

Any evaluation needs a benchmark: What is good and what is bad for oneself? 
For a rudimentary cognitive system the benchmarks an motivations are given by 
the fundamental need to survive: If certain parameter values, like hunger and pain 
signals arriving from the body, or more specific signals about protein support lev- 
els or body temperature, are in the 'green zone', a situation, or a series of events 
leading to the present situation, is deemed good. Appropriate corresponding 'sur- 
vival variables' need to be defined for an artificial cognitive system. 

Survival parameters 

We denote the parameters regulating the condition of survival for a 
living dynamical system as survival parameters. 
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Figure 7.4: The inverse pyramid for the internal benchmarking of complex and 
universal cognitive systems. The secondary benchmarks correspond to the emo- 
tional diffusive control and the culturally acquired motivations to the tertiary 
benchmarks, the acquired preferences. A rudimentary cognitive system contains 
only the basic genetic preferences, viz. the preferred values for the survival vari- 
ables, for action selection. 

The survival parameters are part of the sensory input, compare Fig. |7.1[ as they 
convene information about the status of the body, viz the physical support complex 
for the cognitive system. The survival parameters affect the status of selected 
diffusive control units, they do not interact generally directly with the cognitive 
information processing. 

Rudimentary cognitive systems 

A cognitive system will only then survive, if its benchmarking favors actions 
which keep the survival parameters in the green zone. 

Fundamental genetic preferences 

The necessity for biological or artificial cognitive systems to keep 
the survival parameters in a given range corresponds to primary goals 
which are denoted 'fundamental genetic preferences'. 

The fundamental genetic preferences are not 'instincts' in the classical sense, as 
they do not lead deterministically and directly to observable behavior. The cog- 
nitive system needs to learn which of its actions satisfy the genetic preferences, 
as it acquires informations about the world it is born-into only by direct personal 
experiences. 

Rudimentary cognitive system 

A rudimentary cognitive system is determined fully by its fundamen- 
tal genetic preferences. 

A rudimentary cognitive system is very limited with respect to the complexity 
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level its actions can achieve, since they are all directly related to primary survival. 
The next step in benchmarking involves the diffusive control units. 

Secondary benchmarks and emotional control 

Diffusive control units are responsible to keep an eye on the overall status of the 
dynamical system. We can divide the diffusive control units into two classes 

• Neutral units 

These diffusive control units have no preferred activity level. 

• Emotional units 

These diffusive control units have a (genetically determined) preferred ac- 
tivity level. 

Secondary benchmarks involve the emotional diffusive control units. The system 
tries to keep the activity level of those units in a certain green zone. 

Emotions 

We denote by 'emotions' for a cognitive system the goals resulting 
from the desire to keep emotional diffusive control units at a prepro- 
grammed level. 

We note that the term "emotion " is to a certain extend controversial here. The 
relation of real emotions experienced by biological cognitive systems, e.g. us hu- 
mans, to the above definition from cognitive system theory is unclear at present. 

Emotional control is very powerful. An emotional diffusive control signal like 
"playing is good when you are not hungry or thirsty ", to give an example, can lead 
a cognitive system to develop slowly very complex behavioral patterns. Higher- 
order explorative strategies, like playing, can be activated when the fundamental 
genetic preferences are momentarily satisfied. 

Tertiary benchmarks and acquired tastes 

The vast majority of our daily actions is not directly dictated by our fundamental 
genetic preferences. A wish to visit a movie theater instead of a baseball match 
cannot be tracked back in any meaningful way to the need to survive, to eat and 
to sleep. 

Many of our daily actions are also difficult to directly relate to emotional con- 
trol. The decision to eat an egg instead of a toast for breakfast involves partly what 
one calls acquired tastes or preferences. 

Acquired preferences 

A learned connection, or association, between environmental sensory 
input signals and the status of emotional control units is denoted an 
acquired taste or preference. 
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The term 'acquired taste' is used here in a very general context, it could contain 
both positive or negative connotations, involve the taste of food or the artistic 
impression of a painting. 

Humans are able to go even one step further. We can establish positive/negative 
feedback relations in between essentially every internal dynamical state of the 
cognitive system and emotional diffuse control, viz we can set ourselves virtu- 
ally any goal and task. A capability termed in everyday language as 'freedom of 
will'. This kind of freedom of will is an emergent feature of certain complex but 
deterministic dynamical systems and we side-step here the philosophically rather 
heavy question whether the such defined freedom of will corresponds to 'the true 
freedom of will' jj 

The inverse pyramid 

An evolved cognitive system will develop complex behavioral patterns and sur- 
vival strategies. The delicate balance of internal benchmarks needed to stabilize 
complex actions goes beyond the capabilities of the primary genetic preferences. 
The necessary fine tuning of emotional control and acquired preferences is the 
domain of the diffusive control system. 

Climbing-up the ladder of complexity, the cognitive system effectively ac- 
quires a de facto freedom of action. The price for this freedom is the necessity 
to benchmark internally any possible action against hundreds and thousands of 
secondary and tertiary desires and objectives, a delicate balancing problem. 

The layers of internal benchmarking can be viewed as an inverse benchmark- 



ing pyramid, see Fig. 7.4 for an illustration. The multitude of experiences and 
tertiary preferences plays an essential role in the development of the inverse pyra- 
mid, an evolved cognitive system is more than the sum of its genetic or computer 
codes. 



7.4 Competitive dynamics and winning coalitions 

Most of the discussions presented in this chapter so far regarded general princi- 
ples and concepts. We will now discuss a functional basic cognitive module im- 
plementing the concepts treated in the preceeding sections. This network is useful 
for environmental data representation and storage and shows a continous and self- 



**From the point of view of dynamical system theory effective freedom of action is conceivable 
in connection to a true dynamical phase transition, like the ones discussed in the chapter on "Ran- 
dom Boolean Networks ", possibly occurring in a high-level cognitive system. Whether dynamical 
phase transitions are of relevance for the brain of mammals, e.g. in relation to the phenomenom of 
consciousness, is a central and yet completely unresolved issue. 
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regulated transient state dynamics in terms of associative thought processes. For 
some of the more technical details we refer to the literature. 

7.4.1 General considerations 

The human associative database 

The internal representation of the outside world is a primary task of any cog- 
nitive system with universal cognitive capabilities, i.e. capabilities suitable for 
a certain range of environments which are not explicitly encoded in genes or in 
software. Associations between distinct representations of the environment play 
an important role in human thought processes and may rank evolutionary among 
the first cognitive capabilities not directly determined by gene expression. Hu- 
mans dispose of a huge commonsense knowledge-base, organized dominantly via 
associations. These considerations imply that associative information processing 
plays a basic role in human thinking. 

Associative thought processes 

An associative thought process is the spontaneous generation of a 
time-series of transient memory states with a high associative overlap. 

Associative thought processes are natural candidates for transient state dynamics 



(see section 7.2.1). The above considerations indicate that associative thought 
processes are, at least in part, generated directly in the cognitive modules respon- 
sible for the environmental data representation. We will define further below, see 



Eqs. (7.4 1 and (7.5 1, the notion of "associative overlaps". 



Winners-take-all network 

Networks in which the attractors are given by finite clusters of active sites, the 
'winners', are suitable candidates for data storage: (a) They have a very high stor- 
age capacity, (b) The competitive dynamics is directly controllable when clique 
encoding is used. 

Cliques 

A fully connected subgraph of a network is called a clique, compare 
the chapter on "Graph Theory and Small-World Networks ". 

Cliques are natural candidates for winning coalitions of mutually supporting local 
computing units. 

Data embedding 

Data is meaningless when not embedded into the context of other, existing data. 
When properly embedded, data transmutes to information, see the discussion in 
section r7.2.4[ 
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Figure 7.5: Illustration of winners-take-all networks with clique encoding. 

Shown are the excitatory links. Sites not connected by a line are inhibitorily 

connected. 

Left: This seven-site network contains the cliques (0,1,2), (1,2,3), (1,3,4), (4,5,6) 

and (2,6). 

Middle: This twenty-site network contains 19, 10 and 1 cliques with 2, 3 and 4 

sites. The only 4-site clique (2,3,5,6) is highlighted. 

Right: This forty-eight-site network contains 2, 166, 66 and 2 cliques (a total of 

236 memories) with 2, 3, 4 and 5 sites respectively. Note the very high density 

of links. 



Sparse networks with clique encoding allow for a crude but automatic embed- 
ding, viz embedding with zero computational effort. Any memory state added to 
an existing network in the form of a clique, compare Fig. [73 will normally share 
nodes with other existing cliques, viz with other stored memories. It thus acquires 
automatically an 'associative context'. The notion of associative context or asso- 



ciative overlap will be defined precisely further below, see Eqs. (7.4) and (7.5) 



Inhibitory background 

Winners-take-all networks function on the basis of a strong inhibitory background. 



In Fig. 7.5 a few examples of networks with clique encoding are presented. Fully 
connected clusters, the cliques, mutually excited themselves. The winning coali- 
tion suppresses the activities of all other sites, since there is at least one inhibitory 
link between one of the sites belonging to the winning coalition and any other site. 
All cliques therefore form stable attractors. 

The storage capacity is very large, due to the sparse coding. The 48- site net- 
work illustrated in Fig. [73 has 236 stable memory states (cliques). We note for 
comparision, that maximally 6^ \A*N memories could be stored for a // = 48 
network with distributed coding. 
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Discontinuous synaptic strengths 

The clique encoding works when the excitatory links are weak compared to the 
inhibitory background. This implies that any given link cannot be weakly in- 



hibitory; the synaptic strength is discontinuous, see Fig. 7.6 This is admissible, 
as cognitive system theory is based on generalized local computational units, and 
not on real neurons. 

Discontinuous synaptic strengths also arise generically when generating ef- 
fective neural networks out of biological neural nets. Biological neurons come 
in two types, excitatory neurons and inhibitory interneurons. A biological neuron 
has either exclusively excitatory or inhibitory outgoing synapses, never both types. 
Most effective neurons used for technical neural networks have, on the other side, 
synaptic strengths of both signs. Thus, when mapping a biological network to a 
network of effective neurons one has to eliminate one degree of freedom, e.g. the 
inhibitory interneurons. 

Integrating out degrees of freedom 

A transformation of a model (A) to a model (B) by eliminating certain 
degrees of freedom occurring in (A), but not in (B) is called 'integrat- 
ing out a given degree of freedom', a notion of widespread use in 
theoretical physics. 

This transformation depends strongly on the properties of the initial model. Con- 



sider the small biological network depicted in Fig. 7.6 for the case of strong 
inhibitory synaptic strength. When the interneuron is active/inactive the effec- 
tive (total) influence of neuron (1) on neuron (2) will be strongly negative/weakly 
positive]^ 

Transient attractors 

The network described so far has many stable attractors, the cliques. These pat- 
terns are memories representing environmental data found as typical patterns in 
the incoming sensory data stream. 

It clearly does not make sense for a cognitive system to remain stuck for eter- 
nity in stable attractors. Every attractor of a cognitive system needs to be a tran- 



^ We note, that general n-point interactions could also be generated when eliminating the in- 
terneurons. 'n-point interaction' are terms entering the time evolution of dynamical systems de- 
pending on (n-1) variables. Normal synaptic interactions are 2-point interactions, as they involve 
two neurons, the pre- and the postsynaptic neuron. When integrating out a degree of freedom, 
like the activity of the interneurons, general n-point interactions are generated. The postsynaptic 
neuron is then influenced only when (n-1) presynaptic neurons are active simultaneously, n-point 
interactions are normally not considered in neural networks theory. They complicate the analysis 
of the network dynamics considerably. 
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Figure 7.6: Synaptic strengths might be discontinuous when using effective neu- 
rons. 

Left: A case network of biological neurons consisting of two neurons with ex- 
hibitory couplings (1) and (2) and an inhibitory interneuron. The effective synap- 
tic strength (1)^(2) might be weakly positive or strongly negative depending on 
the activity status of the interneuron. The vertical lines symbolize the dendritic 
tree, the thin lines the axons ending with respective synapses. 
Right: The resulting effective synaptic strength. Weak inhibitory synaptic 
strengths do not occur. For the significance of the small negative allowed range 



for the Wij compare the learning rule Eq. (7.13 1 (from Gros, 2007b) 



stent attractor. 



10 



i.e. to be part of the transient-state dynamics. 
There are many ways in dynamical system theory by which attractors can be- 
come unstable. The purpose of any cognitive system is cognitive information pro- 
cessing and associative thought processes constitute the most fundamental form 
of cognitive information processing. We therefore discuss here how memories can 
take part, in the form of transient attractors, in associative thought processes. 

Associative overlaps 

Let us denote by x,- G [0, 1] the activities of the network (/ = \,...,N) and by 



.(ex) 



a= 1, 



N^'n) 



the activation patterns of the N^ "^ stable attractors, the memories. In winners- 



take-all networks the x) 



0,1. 



For the 7-site network illustrated in Fig. 7.5 the number of cliques is A^^'") = 5 

1 (i=0,l,2) for 



and for the clique a = (0, 1,2) the activities approach x 



(0,1,2) 



(0,1,2) 



(j=3,4,5,6) for the out-of-clique 



members of the winning coalition and x, 
units. 

'''Here we use the term 'transient attractor' as synonymous with 'attractor ruin', an alternative 
terminology from dynamical system theory. 
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Associative overlap of order zero 

We define the associative overlap of zero order 

Ao[a,P] = f;4«)xP^ (7-4) 

for two memory states a and P and for a network using clique encod- 
ing. 

The associative overlap of order zero just counts the number of common consti- 
tuting elements. 



For the 7-site network shown in Fig. 7.5 we have Aq [(0, 1,2), (2, 6)] = 1 and 

Ao[(0,l,2),(l,2,3)]=2. 

Associative overlap of order one 
We define with 




»n JP)WW \ [ V.Wn _;<;^.'^));<;^.P) 



Ai[a,|3]= £ I4"^(1-4'^K" 

(7.5) 
the associative overlap of first order for two memory states a and P 
and for a network using clique encoding. 

The associative overlap of order one is the sum of multiplicative associative over- 
lap of zero order which the disjunct parts of two memory states a and (3 have with 
all third memory states y. It counts the number of associative links connecting two 
memories. 



For the 7-site network shown in Fig. 7.5 wehaveAi[(0, 1,2), (4, 5,6)] =2 and 
Ai[(0,l,2),(l,3,4)] = l. 

Associative thought processes 

Associative thought processes convenes maximal cognitive information process- 
ing when they correspond to time series of memories characterized by high asso- 
ciative overlaps of order zero or one. 



In Fig. 7.8 the orbits resulting from a transient state dynamics we will intro- 



duce in the next section 7.4.2 are illustrated, for which two consecutive winning 
coalitions have either an associative overlap of order zero, such as the transition 

(0, 1) -^ (1,2,4,5) or of order one, as the transition (1,2,4,5) -^ (3,6). 

7.4.2 Associative thought processes 

We now present a functioning implementation, in terms of a set of appropriate 
coupled differential equations, of the notion of associative thought processes as a 
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Figure 7.7: Illustrati on o f the reservoir functions /h(cp) (solid line) and /^(cp) 

(dashed line), see Eq. 7.7 of sigmoidal form with respective turning points cpc 
and width r,p = 0.05. 



time series of transient attractors representing memories in the environmental data 
representation module. 
Reservoir variables 

A standard procedure, in dynamical system theory, to control the long-term dy- 
namics of a given variable of interest is to couple it to a second variable with 
much longer time scales. To be concrete we denote, as hitherto, with xi E [0, 1] the 
activities of the local computational units constituting the network and with 



cp, e [0, 1] 
a second variable which we denote 'reservoir'. The differential equations 

{l-Xi)@in)n+x,@i-ri)ri 



X; 



N 



^J 



rt = Y^ fw{^i)®{wij)wLj + Zi,jfz{^j) 

rj ( 1 - 9/) ( 1 - Xi/xc)@{xc - Xi) - r^ (p,- 0(x/ - xc 



9< 



|z| @{-Wij) 



(7.6) 
(7.7) 

(7.8) 
(7.9) 



generate associative thought processes. We now discuss some properties of (7.6 



7.9). The general form of these differential equations is termed 'Lotka-Volterra' 
type. 

• Normalization 



Eqs. (7.6 7.8) respect the normalization -<:,,cp/ G [0, 1], due to the prefactors 



Xi,{\ —Xi), 9/ and (1 — cp,) in Eqs. (7.6) and (7.8), for the respective growth 



and depletion processes, 0(r) is the Heaviside-step function. 
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• Synaptic strength 

The synaptic strength is split into excitatory and inhibitory contributions, 
oc Wij and oc Zij respectively, with wtj being the primary variable: The 



inhibition zij is present only when the link is not excitatory (7.9). With 
z = — 1 one sets the inverse unit of time. 

Winners-take-all network 



Eqs. (7.6) and (7.7 ) describe, in the absence of a coupling to the reservoir 
via f^/w{^>), a competitive winners-take-all neural network with clique en- 
coding. The system relaxes towards the next attractor made up of a clique 
of Z sites (pi, . . . ,pz) connected via excitatory Wp.^pj > (ij = 1, ..,Z). 

Reservoir functions 

The reservoir functions fz/wi^^) ^ [0^ 1] govern the interaction between the 
activity levels xt and the reservoir levels cp,. They may be chosen as washed 
out step functions of sigmoidal fornrHwith a suitable width Fq, and inflec- 

( / \ ' ' 

tion points (Pc , see Fig. 



7.7 



Reservoir dynamics 

The reservoir levels of the winning clique deplete slowly, see Eq. ( 7.8| ), and 



recovers only once the activity level x, of a given site has dropped below 
Xc- The factor (1 —xi/xc) occurring in the reservoir growth process, see the 



r.h.s. of (7.8 ), serves for a stabilization of the transition between subsequent 



memory states. 

• Separation of time scales 

A separation of time scales is obtained when the Fi are much smaller 
than the average strength of an excitatory link, w, leading to transient- state 
dynamics. Once the reservoir of a winning clique is depleted, it looses, via 
fz{^>), its ability to suppress other sites. The mutual intra-clique excitation 
is suppressed via fw{^)- 

Fast and slow thought processes 



Fig. 7.8 illustrated the transient- state dynamics resulting from Eqs. (7.6 7.9), in 
the absence of any sensory signal. When the growth/depletion rates Fi ^ are 
very small, the individual cliques turn into stable attractors. 



' ' A possible mathematical implementation for the reservoir functions, with a~w,z, is /a (9) 

mill) , (t _ A>nin)\ atan[((p-(p;.°')/r,p]-al 
' V ^"^ ) atan[(l-<p!"')/r9]-at 

r^ = 0.05, /vS;"'"' = 0.1 and /:<"""* = 0. 



/('"'■") + f 1 -i™")) ^'^"[('P-'P;°')/r,]-atan[(0-.p|°Vr,] ^ g^jj^^i^ ^^j^^^ ^^^ (z) ^ ^^^ («■) ^ q 7 
V ■'" ) atan[(l-<p!"')/r9]-atan[(0-(p<."')/r.pl ^ ^ 



7.4 Competitive dynamics and winning coalitions 



245 




(0) 



(6) 


A --A- -,_ \- 


(5) 


/----\- 


(4) 


/•--. \- 


(3) 


/---_. V--' 


(2) 


h-\- 


(1) ^"--. 


-A---f-^-.x.--r'- 



3U: 



T^^~. 



^ , I 1 \ , I 

300 400 500 600 



Figure 7.8: Left: A 7-site network, shown are links with Wij > 0, containing six 
cliques, (0,1), (0,6), (3,6), (1,2,3), (4,5,6) and (1,2,4,5). 

Right: The activities x,(f ) (solid lines) and the respective reservoirs (p,(f ) (dashed 
lines) for the transient-state dynamics (0,1) -^ (1,2,4,5) -^ (3,6) -^ (1,2,4,5). 



The possibility to regulate the 'speed' of the associative thought process ar- 
bitrarily by setting the F^ is important for applications. For a working cognitive 
system it is enough if the transient states are just stable for a certain minimal 
period, anything longer just would be a 'waste of time'. 

Cycles 



The system in Fig. 7.8 is very small and the associative thought process soon 
settles into a cycle, since there are no incoming sensory signals in the simulation 



of Fig. 7.8 



For networks containing a somewhat larger number of sites, see Fig. 7.9, the 
number of attractors can be very large. The network will then generate associa- 
tive thought processes which will go on for very long time spans before entering 
a cycle. Cyclic 'thinking' will normally not occur for real-world cognitive sys- 
tems interacting continously with the environment. Incoming sensory signals will 
routinely interfere with the ongoing associative dynamics, preempting cyclic ac- 
tivation of memories. 

Dual functionalities for memories 

The network discussed here is a dense and homogeneous associative network 
(dHAN). It is homogeneous since memories have dual functionalities: 

• Memories are the transient states of the associative thought process. 



Memories define the associative overlaps, see Eq. ( |7.5| ), between two sub- 
sequent transient states. 



246 



Elements of Cognitive System Theory 



The alternative would be to use networks with two kinds of constituent elements, 
as in semantic networks. The semantic relation 




IS 



blue 



can be thought to be part of a (semantic) network containing the nodes 'car' and 
'blue' linked by the relation 'is'. Such a network would contain two kinds of 
different constituting elements, the nodes and the links. The memories of the 
dHAN, on the other side, are made up of cliques of nodes and it is therefore 
homogeneous. 

A rudimentary cognitive system knows of no predefined concepts and can- 
not, when starting from scratch, classify initially data into 'links' and 'nodes'. 
A homogeneous network is consequently the network of choice for rudimentary 
cognitive systems. 

Dissipative dynamics 

Interestingly, the phase space contracts at all times in the absence of external 
inputs. With respect to the reservoir variables, we have 






rc^(i 



-Xi/Xc)&{Xc 



■Xi)+rf^&{Xi 



< 0, 



yxi G [0, 1], where we have used Eq. (7.8 1. We note that the diagonal contributions 
to the link matrices vanish, zu = = wu, and therefore dri/dxi = 0. The phase 
space contracts consequently also with respect to the activities. 



dxi 
'dxi 



IN 



'&in) 



n < 



where we have used( |7.6 ). The system is therefore strictly dissipative, compare the 
chapter "Chaos, Bifurcations and Dijfusion" , in the absence of external stimuli. 

Recognition 

Any sensory stimulus arriving to the dHAN needs to compete with the ongoing 
intrinsic dynamics to make an impact. If the sensory signal is not strong enough, it 
cannot deviate the autonomous thought process. This feature results in an intrinsic 
recognition property of the dHAN: A background of noise will not influence the 
transient state dynamics. 
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7.4.3 Autonomous online learning 

Sensory stimuli 

Learning or training of the network occurs on the fly, during its normal mode 
of operation. There are no distinct modes for training and performance for a 
cognitive system. The sensory stimuli or training patterns {b^ [t) } add to the 
respective growth rates r,- in Eq. ( 7.7| ), 



r, ^ n + h{^i)br\t), (7.10) 

where fb{^>i) is an appropriate coupling function, dependent on the local reservoir 
level cp/. For simplicity one may take it to be identical with the reservoir function 
/^.(cp;). A site active for a prolonged period depletes its own reservoir and will 
loose consequently via fh{^>i) its susceptibility to stimuli. Novel stimuli are then 
more likely to make an impact. 

For neural networks with supervised learning there would be explicit training 
phases were Hebbian-type synaptic changes ~ bibj are enforced by hand. An au- 
tonomous cognitive system has to decide by itself when to modify its own synaptic 
link-strengths and how strong these changes ought to be. 

Short- and long-term synaptic plasticities 

There are two fundamental considerations for the choice of the synaptic dynamics 
adequate for the dHAN. 

• Learning is a very slow process without a short-term memory. Training pat- 
terns need to be presented to the network over and over again until substan- 
tial changes are induced into the link matrices. A short-term memory can 
speed-up the learning process substantially as it stabilizes external patterns, 
giving such the system time to consolidate long-term synaptic plasticity. 

• Systems using sparse coding are based on a strong inhibitory background, 
the average inhibitory link-strength |z| is substantially larger than the aver- 
age excitatory link strength w, 

\z\ > vi> . 

It is then clear that gradual learning affects dominantly the excitatory links, 
as they are much smaller - small changes of large parameters do not lead 
to new transient attractors, nor do they influence the cognitive dynamics 
substantially. 

We consequently consider both short- and long-term modifications for the link 
matrices 

w,j = w,j{t) = wl{t)+wfj{t) , (7.11) 
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S/L 

where w- ■ correspond to the short/long-term synaptic plasticities. Note, that 
short-term plasticities are also transient; they go away after a certain characteristic 
period, and that the long-term changes are essentially permanent. 

Negative baseline 



Eq. (7.9), Zij = —\z\ &{—Wij), states that the inhibitory link-strength is either zero 



or — |z|, but is not changed directly during learning, in accordance to ( |7.11[ ). 



When a wij is slightly negative, as default (compare Fig. 7.6 1, the correspond- 
ing total link strength is inhibitory. When Wi,j acquires, during learning, a positive 
value, the corresponding total link strength becomes excitatory. In this sense we 
have active excitatory synapses with wij > and inactive excitatory synapses with 

Short-term memory dynamics 

It is reasonable to have a maximal possible value W^ for the transient short- 
term synaptic plasticities. An appropriate Hebbian-type autonomous learning rule 
is then 



wi 



[t) = r+(iyj™^^-wf,.)/,((pO/z(cPy)0(^-^c)O(x,-x,) (7.12) 



^^< 



It increases rapidly when both the pre- and the post-synaptic centers are active, it 



decays to zero otherwise, see Fig. 7.10 



The coupling functions /^(cp) preempt prolonged self- activation of the short- 
term memory. When the pre- and the post-synaptic centers are active long enough 
to deplete their respective reservoir levels, the short-term memory is shut-off via 



/^(cp), compare Fig. 7.7 



Working-point optimization 

Dynamical systems retain normally their functionalities only when they keep their 
dynamical properties in certain regimes. They need to regulate their own working 



point, as discussed in section 7.2.3 This is a long-term affair, it involves time- 



averaged quantities, and is therefore a job for the long-term synaptic plasticities, 

I J 
Effective incoming synaptic strength 



The average magnitude of the growth rates r,, see Eq. (7.7), determine the time 
scales of the autonomous dynamics and thus the working point. The ri{t) are 
however quite strongly time depend. The effective incoming synaptic signal 
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which is independent of the post-synaptic reservoir, cp,, is a more convenient con- 
trol parameter, since r, tends to the sum of active incoming links, 

for a transiently stable clique a = (pi, . . . ,Pz)- The working point of the cogni- 
tive system is optimal when the effective incoming signal is, on the average, of 
comparable magnitude r'^"P'^ for all sites, 

y(opt) jg ^j^ un-mutable parameter, compare Fig. 

Long-term memory dynamics 

The long-term memory has two tasks: To encode stimulus patterns permanently 
and to keep the working point of the dynamical system in its desired range. Both 
tasks can be achieved by a single local learning rule. 



7.3 
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(7.13) 
(7.14) 
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Ary 



Mt)_f. 



Some comments: 



Hebbian learning 

The learning rule (7. 13 ) is local and of Hebbian type. Learning occurs only 

when the pre- and the post-synaptic neurons are active. Weak forgetting. 



i.e. the decay of rarely used links (7.14) is local too 



Synaptic competition 

When the incoming signal is weak/strong, relative to the optimal value 
y{opt) ^ ("i^e active links are reinforced/weakened, with Wj^ being the min- 
imal value for the wtj. The baseline Wj^ is slightly negative, compare 



Figs. 7.6 and 7.10 



The Hebbian-type learning then takes place in the form of a competition 
between incoming synapses - frequently active incoming links will gain 
strength, on the average, on the expense of rarely used links. 
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• Asymmetric decay of inactive links 



The decay term »« F^ > in Eq. (7.14) is taken to be asymmetric, viz 



when the presynaptic neuron is inactive with the postsynaptic neuron being 
active. The strength of the decay is a suitable non-linear function d{wfj) of 
the synaptic strength wf:. Note that the opposite asymmetric decay, for 
which wfj is weakened whenever the pre-/post- synaptic neurons are ac- 
tive/inactive, could potentially lead to the dynamical isolation of the cur- 
rently active clique by suppressing excitatory out-of-clique synapses. 



Fast learning of new patterns 

In Fig. 7.10 the time evolution of some selected wtj from a simulation is 



lation the learning parameter F]^^^ was set to a quite large value such that 



presented. A simple input-pattern is learned by the network. In this simu- 
lation the learning parameter F]^^^ was set to a 
the learning occurred in one step (fast learning). 

Suppression of runaway synaptic growth 



The link-dynamics ( 7.13| ) suppresses synaptic runaway-growth, a general 



problem common to adaptive and continously active neural networks. It 
has been shown that similar rules for discrete neural networks optimize the 
overall storage capacity. 

Long-term dynamical stability 



In Fig. T9] an example for an associative thought process is shown for a 



100-site network containing 713 memories. When running the simulation 
for very long times one finds that the values of excitatory links wf, tend to 
a steady-state distribution, as the result of the continuous online learning. 
The system is self-adapting. 



Conclusions 

In this section we presented and discussed a concrete implementation of a module 
for the storage of environmental data, as given by patterns present in the input 
stimuli. 

The key point is, that this implementation fulfills all requirements necessary 
for an autonomous cognitive system, such as locality of information processing, 
unsupervised online learning, huge storage capacity, intrinsic generalization ca- 
pacity and self-sustained transient-state dynamics in terms of self-generated asso- 
ciative thought processes. 
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7.5 Environmental model building 



The representation of environmental data, as discussed in section 7.4, allows for 
simple associational reasoning. For anything more sophisticated, the cognitive 
system needs to learn about the structure of the environment itself, it has to build 
models of the environment. 

The key question is then: Are there universal principles which allow for en- 
vironmental model building without any a priori information about the environ- 
ment? Principles which work independently of whether the cognitive system lives 
near a lake side in the tropical rain forest or in an artificial cybemetical world? 

Here we will discuss how 'universal prediction tasks ' allow for such univer- 
sal environmental model building and for the spontaneous generation of abstract 
concepts. 

7.5.1 The Elman simple recurrent network 

Innate grammar 

Is the human brain completely empty at birth and babies can learn with the same 
ease any language, natural or artifical, with arbitrary grammatical organization? 
Or do we have certain gene-determined predispositions toward certain innate 
grammatical structures? This issue has been discussed by linguists for decades. 

In this context Elman performed in 1990 a seminal case study, examining 
the representation of time-dependent tasks by a simple recurrent network. This 
network is universal in the sense that no information about the content or structure 
of the input data stream was used in its layout. 

Elman discovered that lexical classes are spontaneously generated when the 
network was given the task to predict the next word in an incoming data stream 
made-up of natural sentences constructed from a reduced vocabulary. 

The simple recurrent network 

When the task of a neural network extends into the time domain it needs a mem- 
ory, otherwise comparison of current and past states is impossible. For the simple 



recurrent network, see Fig. 7.1 1 , this memory is constituted by a separate layer of 
neurons denoted context units. 

The simple recurrent network used by Elman employs discrete time updating. 
At every time step the following computations are performed: 

1. The activities of the hidden units are determined by the activities of the 
input units and by the activities of the context units and the respective link 
matrices. 



252 Elements of Cognitive System Theory 

2. The activities of the output units are determined by the activities of the 
hidden units and the respective link matrix. 

3. The activities of the hidden units are copied one-by-one to the context unit. 

4. The next input signal is copied to the input units. 

5. The activities of the output units are compared to the current input and 
the difference yields the error signal. The weight of the link-matrices 
(input^>hidden), (context^hidden) and (hidden^output) are adapted such 
to reduce the error signal. This procedure is called the back-propagation 
algorithm. 

The Elman net does not conform in this form to the requirements needed for mod- 



ules of a full-fledged cognitive system, see section 7.2.1 It employs discrete time 
synchronous updating and non-local learning rules based on a global optimization 
condition, the so-called back-propagation algorithm. This drawback is however 
not essential at this point, since we are interested here in the overall and generic 
properties of the simple recurrent network. 

Lexical prediction task 

The simple recurrent network works on a time series x{t) of inputs 

f(l), ^(2),f(3), ... 

which are presented to the network one after the other. 

The network has the task to predict the next input. For the case studied by 
Elman the inputs x{t) represented randomly encoded words out of a reduced vo- 
cabulary of 29 lexical items. The series of inputs corresponded to natural language 
sentences obeying English grammar rules. The network had then the task to pre- 
dict the next word in a sentence. 

Impossible lexical prediction task 

The task to predict the next word of a natural language sentence is impossible to 
fulfill. Language is non-deterministic, communication would otherwise convene 
no information. 

The grammatical structure of human languages places constraints on the pos- 
sible sequence of words, a verb is more likely to follow a noun than another verb, 
to give an example. The expected frequency of possible successors, implicitly in 
the set of training sentences, is however deterministic and is reproduced well by 
the simple recurrent network. 

Spontaneous generation of lexical types 

Let us recapitulate the situation: 
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i. The lexical prediction task given to the network is impossible to fulfill, 
ii. The data input stream has a hidden grammatical structure, 
iii. The frequency of successors is not random. 
The network generates, as a consequence, in its hidden layer representations of 



the 29 used lexical items, see Fig. 7.12 These representations, and this is the 



central result of Elman's 1990 study, have a characteristic hierarchical structure. 
Representations of different nouns, e.g. 'mouse' and 'cat', are more alike than 
the representations of a noun and a verb, e.g. 'mouse' and 'sleep'. The network 
has generated spontaneously abstract lexical types like verb, nouns of animated 
objects and nouns of inanimate objects. 

Token and types 

The network generated actually representations of the lexical items dependent on 
the context, the tokens. There is not a unique representation of the item boy, but 
several, viz boy\, boy 2, ■■■, which are very similar to each other, but with fine 
variations in their respective activation patterns. These depended on the context, 
as in the following training sentences: 

man_smell_BOY, man_chase_BOY, 

The simple recurrent network is thus able to generate both abstract lexical 
types and concrete lexical tokens. 

Temporal XOR 



The XOR-problem, see Fig. 7.13, is a standard prediction task in neural network 
theory. In its temporal version the two binary inputs are presented one after the 
other to the same input neuron as x{t — I) and x{t), with the task to predict the 
correct .x;(? + 1). 

The XOR problem is not linearly decomposable, i.e. there are no constants 
a,Z7,c such that 

x{t+l) = ax{t) + bx{t - 1) + c 

and this is why the XOR problem serves as a benchmark for neural prediction 
tasks. Input sequences like 

...000 101 110... 

are presented to the network with the caveat that the network does not know when 
an XOR-triple starts. A typical result is shown in Fig. 7.13[ Two out of three 



prediction results are random, as expected but every third prediction is quite good. 
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Time horizon 

Temporal prediction tasks may vary in complexity depending on the time scale x 
characterizing the duration of the temporal dependencies in the input data x{t). A 
well known example is the Markov process. 

Markov assumption 

The distribution of possible x{t) depends only on the value of the 
input at the previous time-step, x{t — I). 

For Markovian-type inputs the time correlation length of the input data is one, 
X = 1. For the temporal XOR problem x = 2. The simple recurrent network is 
able to handle time correlations length of, in principle, arbitrary size. It has been 
tested with respect to the temporal XOR and to a letter-in-a-word prediction task. 
The performance of the network in terms of the accuracy of the prediction results 
is however expected to deteriorate with increasing x. 

7.5.2 Universal prediction tasks 

Time series analysis 

The Elman simple recurrent network is an example of a neural network layout 
suitable for time series analysis. Given a series of vectors 

x{t), ? = 0, 1, 2, ... 

one might be interested in forecasting x{t+l) when x{t), x{t — I),. .. are known. 
Time series analysis is very important for a wide range of applications and a 
plethora of specialized algorithms have been developed. 

State space models 

Time series generated from physical processes can be described by 'state space 
models'. The daily temperature in Frankfurt is a complex function of the weather 
dynamics, which contains a huge state space of (mostly) un-observable variables. 
The task to predict the local temperature just from the knowledge of the history of 
previous temperature readings constitutes a time series analysis task. 

Quite generally, there are certain deterministic or stochastic processes gener- 
ating a series 

?(0, ? = 0, 1, 2, ... 

of vectors in a state space, which is mostly un-observable. The readings x{t) are 
then some linear or non-linear functions 

x{t) = F[s{t)]+f[{t) (7.15) 
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of the underlying state space, possibly in addition to some noise V[{t). Eq. (7.15 1 
is denoted a state space model. 

Hidden Markov process 

There are many possible assumptions for the state-space dynamics underlying 
a given history of observables x{t). For a hidden Markov process, to give an 
example, one assumes that 

(a) s{t + I) depends only on s{t) (and not on any previous state space vector, 
the Markov assumption) and that 

(b) the mapping s{t) -^s{t + \) is stochastic. 

The process is dubbed 'hidden', because the state space dynamics is not directly 
observable. 

The Elman state-space model 

The Elman simple recurrent network is described by 



St 



As{t-\)+Dx{t) 



<^\y] 



\ + e-y 



(7.16) 



were x{t) and s{t) correspond to the activation patterns of input and hidden 
units respectively. The A and D are the link matrices (context— ^hidden) and 



(input-chidden), compare Fig. 7.1 1 and a(y) is called the sigmoid function. The 
link-matrix (hidden^output) corresponds to the prediction task s{t) ^ x{t + I) 
given to the Elman network. 

The Elman simple recurrent network is however not a classical state space 
model. For a normal state-space model the readings x{t) depend only on the cur- 



rent state ?(?) of the underlying dynamical system, compare Eq. (7.15). Extracting 



x{t) from Eq. (7.16), one obtains 



x{t) = F[s{t)At-K 



(7.17) 



which is a straightforward generalization of Eq. ( 7.15| ). The simple recurrent net 
has a memory since x{t) depends in Eq. (7.17 1 both on s{t) and on s{t — I). 



Neural networks for time series analysis 

The simple recurrent network can be generalized in several ways, e.g. additional 
hidden layers result in a nonlinear state space dynamics. More complex layouts 
lead to more powerful prediction capabilities, but there is a trade-off. Complex 
neural networks with lots of hidden layers and recurrent connections need very 
big training data. There is also the danger of over-fitting the data, when the model 
has more free parameters than the input. 
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Time series analysis for cognitive systems 

For most technical applications one is interested exclusively in the time-prediction 
capability of the algorithm employed. Pure time-series prediction is however of 
limited use for a cognitive system. An algorithm which allows to predict future 
events and which generates at the same time models of the environment is however 
extremely useful for a cognitive system. 

This is the case for state space models, as they generate explicit proposals for 
the underlying environmental states describing the input data. For the simple re- 
current network these proposals are generated in the hidden units. The activation 
state of the hidden units can be used by the network for further cognitive informa- 



tion processing via a simple feature extraction procedure, see Fig. 7.1 1 , e.g. by a 
Kohonen layer^j 

Possible and impossible prediction tasks 

A cognitive system is generally confronted with two distinct types of prediction 
tasks. 

• Possible prediction tasks 

Examples are the prediction of the limb dynamics as a function of muscle 
activation or the prediction of physical processes like the motion of a ball in 
a soccer game. 

• Impossible prediction tasks 

When a series of events is unpredictable it is however important to be able 
to predict the class of the next events. When we drive with a car behind 
another vehicle we automatically generate in our mind a set of likely ma- 
noeuveres we expect the vehicle in front of us to perform next. When we 
listen to a person speaking we generate expectancies of what the person is 
likely to utter next. 



Universal prediction tasks and abstract concepts 

Impossible prediction tasks, like the lexical prediction task discussed in sec- 



tion 7.5.1[ lead to the generation of abstract concepts in the hidden layer, like 



the notion of 'noun' and 'verb'. This is not a coincidence, but a necessary con- 
sequence of the task given to the network. Only classes of future events can be 
predicted in an impossible prediction task and not concrete instances. We may 
then formulate the key result of this section in the form of a lemma. 



'^A Kohonen network is an example of a neural classifier via an one-winners-take all architec- 
ture, see e.g. Ballai'd (2000). 
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Universal prediction task lemma 

The task to predict future events leads to universal environmental 
model building for neural networks with state- space layouts. When 
the prediction task is impossible to be carried out, the network will 
generate automatically abstract concepts which can be used for fur- 
ther processing by the cognitive system. 
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Exercises 

Transient-state dynamics 

Consider a system containing two variables, A;,(p G [0, 1]. Invent a system of coupled 
differential equations for which x{t) has two transient states, x ^ I and x ^0. One 
possibility it to consider cp as a reservoir and to let x{t) auto-excite/auto-deplete itself 
when the reservoir is high/low. 

The transient-state dynamics should be rigorous. Write a code implementing your 
differential equations. 

Diffusive control unit 

Given are two signals y\ (f ) G [0, oo] and y2{t) E [0, oo] . Invent a system of differential 
equations for variables xi {t) G [0, 1] and X2{t) G [0, 1] driven by the ^1,2(0 such that 
;ici ^ 1 and ;«:2 ^ when yi > yj and vice versa. Take notice that the yi^2 are not 
necessarily normalized. 

Associative overlaps and thought processes 



Consider the seven-site network of Fig. 7.5 Evaluate all pairwise associative over 



laps of order zero and of order one between the five cliques, using Eqs. (7.4) and 
( |7.5[ ). Generate an associative thought process of cliques tti, a2, ■■, where a new 
clique a^+i is selected using the following simplified dynamics: 

(1) a^+i has an associative overlap of order zero with a, and is distinct from ttf-i. 

(2) If more than one clique satisfies criterium (1), then the clique with the highest 

associative overlap of order zero with a^ is selected. 

(3) If more than one clique satisfies criteria (1-2), then one of them is drawn ran- 

domly. 

Discuss the relation to the dHAN model treated in section lT.4.21 



Further readings 

For a general introduction to the field of artificial intelligence (AI) see Russell 
and Norvig (1995), for a handbook on experimental and theoretical neuroscience 
see Arbib (2002), for exemplary textbooks on neuroscience see Dayan and Abbott 
(2001) and on neural networks, an elementary introduction, see Ballard (2000). 

Somewhat more specialized books for further readings regard the modelling of 
cognitive processes by small neural networks (McLeod, Plunkett & Rolls, 1998) 
and computational neuroscience (O'Reilly & Munakata, 2000). 

Some relevant review articles, on dynamical modeling in neuroscience (Rabi- 
novich, Varona, Selverston & Abarbanel, 2006) on reinforcement learning (Kael- 
bling. Liftman & Moore, 1996) and on learning and memory storage in neural nets 
(Carpenter, 2001), are recommended. 
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We also recommend to the interested reader to go back to some selected orig- 
inal literature, dealing with 'simple recurrent networks in the context of grammar 
acquisition (Elman, 1990; Elman, 2004), with neural networks for time series 
prediction tasks (Dorffner, 1996), with 'learning by error' (Chialvo & Bak, 1999), 



with the assignment of the cognitive tasks discussed in section 7.3.1 to specific 
mammal brain areas (Doya, 1999), with the effect on memory storage capacity 
of various Hebbian-type learning rules (Chechik, Meilijson & Ruppin, 2001) and 
with the concept of 'associative thought processes' (Gros, 2005; Gros, 2007a; 
Gros 2007b). 

It is very illuminating to take a look at the freely available databases storing 
human associative knowledge (Nelson, McEvoy & Schreiber, 1998) and (Liu & 
Singh, 2004). 
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time 



Figure 7.9: Example of an associative thought process in a network containing 
100 artificial neurons and 713 stored memories. The times runs horizontal, the 
site index vertical (/ = 1, . . . , 100). The neural activities Xj{t) are color coded. 
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Figure 7.10: Left: Typical activation pattern of the transient short-term plastici- 
ties of an excitatory link (short-term memory). 

Right: The time evolution of the long-term memory, for some selected links wf 
and the network illustrated in Fig. |7.8[ without the link (3,6). The transient states 
are (0,1) -^ (4,5,6) -^ (1,2,3) -^ (3,6) -^ (0,6) -^ (0,1). An external stimulus 
at sites (3) and (6) acts for t £ [400,410] with strength b'-'''"'> = 3.6. The stimulus 
pattern (3,6) has been learned by the system, as the wj^ and W6,3 turned positive 
during the learning-interval « [400,460]. The learning interval is substantially 
longer than the bare stimulus length due to the activation of the short-term mem- 
ory. Note the asymmetric decay of inactive links, compare Eq. (7.14i (from 
Gros, 2007b). 
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Figure 7.1 1: The Elman simple recurrent network (inside the dashed box). The 
connections (D: input^hidden), (A: context^hidden) and (hidden^output) are 
trained via the backpropagation algorithm. At every time step the content of the 
hidden units is copied into the context units on a one-to-one basis. The differ- 
ence between output signal and the new input signal constitutes the error for the 
training. 

The hidden units generate abstract concepts which can be used for further pro- 
cessing by the cognitive system via standard feature extraction. 
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Figure 7.12: Hierarchical cluster diagram of the hidden units activation pattern. 
Shown are the relations and similarities of the hidden unit activity patterns ac- 
cording to a hierarchical cluster analysis (from Elman, 2004). 
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Figure 7.13: The temporal XOR. 

Left: The prediction task. 

Right: The performance {y{t + 1) — ;c(f + 1))^ {y{t) G [0, 1] is the activity of the 



single output neuron) of a simple recurrent network, see Fig. 7.11 with 2 neurons 
in the hidden layer after 600 sweeps through a 3000-bit training sequence. 
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